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Summary of the main results 

The nature of the melting transition is determined by the  

loop entropy parameter 𝑐 

Ω(𝑙)~
𝑠𝑙

𝑙𝑐
 

linear DNA  

𝑐 ≤ 1      no transition  

1 < 𝑐 ≤ 2     continuous transition 

𝑐 > 2      first order transition 

2 < 𝑐 ≤ 3   transition of high order   
𝑐−1

𝑐−2
 

Circular DNA 

𝑐 ≤ 2      no transition  

𝑐 > 3      second order transition 

in DNA   𝑐 ≈ 2.1 



Persistence length 𝑙𝑝 

double strands  𝑙𝑝 ~ 100-200 bp 

Single strands   𝑙𝑝 ~ 10 bp 

fluctuating DNA 

DNA denaturation 



Schematic melting curve 

q   =  fraction of bound pairs 

Melting curve is measured 

directly by optical means 

 

absorption of uv line  
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O. Gotoh, Adv. Biophys. 16, 1  (1983) 

Linearized 

Plasmid pNT1 

3.83 Kbp 



Melting curve of yeast DNA 12 Mbp long 

Bizzaro et al, Mat. Res. Soc. Proc. 489, 73 (1998) 

Linearized Plasmid pNT1 

        3.83 Kbp 



One is interested in features like 

 

 

 

 

 

 

Loop size distribution )(lP

Order of the denaturation transition 

 Inter-strand distance distribution  )(rP

 Effect of heterogeneity of the chain  

 Loop dynamics 



Theoretical Approach 

fluctuating microscopic configurations 

approaches: 

Poland-Scheraga  

Peyrard-Bishop  



Poland-Scheraga model 

• Energy ε per bond (complementary bp) 

Bound segment: 

Loops: 

• Degeneracy 
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s - geometrical factor 

c=universal exponent 



random loop:                   c=d/2           c= 3/2   (d=3) 
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𝑅~√𝑙 
 

𝑉 = 𝑅𝑑 

Poland, Scheraga (1966) 



self-avoiding loop             c=d𝜈             c=1.76 (d=3) 

𝑅~𝑙𝜈 

 

𝑉 = 𝑅𝑑 
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Fisher (1966) 

Type equation here. 

𝑐 = 𝑑 𝜈 



Self avoiding loop embedded in  a chain:                  
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𝑐 = 𝑑𝜈 − 2𝜎3 c=2.11 (d=3) 

Kafri, Mukamel, Peliti, (2000) 



 Ω 𝐿 ∼ 𝑠𝐿𝐿2𝜎1 

Ω 𝐿 ∼ 𝑠𝐿𝐿3𝜎1+𝜎3 

Ω 𝐿 ∼ 𝑠𝐿𝐿−𝑑𝜈 
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the main results of the PS model 

no transition 

 

continuous transition 

 

first order transition 

𝑚𝑏~ 𝑡𝛽    where 𝑚𝑏 is the fraction of bound pairs and 𝑡 =
𝑇𝑀−𝑇

𝑇𝑀
 

 for   1 < 𝑐 ≤ 2       𝛽 =
2−𝑐

𝑐−1
 



2c                
1

 

2c1     

)(

1

        )(

1

1

/


















TT

TT

l

e
lP

M

c
M

c

l







Loop-size distribution 



PS model – grand canonical approach 

Eew 
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typical configuration 
𝑙1 

𝑙2 

𝑙3 

𝑙4 

𝑙5 



Grand partition sum  
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Thermodynamic potential       𝑧(𝜔) 
 

Order parameter  
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solve for the fugacity    𝑧 𝜔  



1/𝑉(ω𝑧) 

𝑈(𝑠𝑧) 

1 𝑠𝑧 

for 𝑇 < 𝑇𝑀 



𝑈 𝑠𝑧 = Φ𝑐 sz =  
𝑠𝑧 𝑛

𝑛𝑐  

𝐿 =
𝜕 ln𝑄

𝜕 ln 𝑧
= z

𝑈′ 𝑠𝑧 𝑉 𝜔𝑧 + 𝑈 𝑠𝑧 𝑉′(𝜔𝑧)

1 − 𝑈 𝑠𝑧 𝑉(𝜔𝑧)
 

sz 

1/𝑉(ω𝑧) 

𝑈(𝑠𝑧) 

1 

T>𝑇𝑀 

T=𝑇𝑀 

𝑈′(𝑠𝑧)
sz→1

 ∞ 

1 < 𝑐 ≤ 2  



sz 

1/𝑉(ω𝑧) 

𝑈(𝑠𝑧) 

1 

C>2 

T>𝑇𝑀 

𝐿 =
𝜕 ln𝑄

𝜕 ln 𝑧
= z

𝑈′ 𝑠𝑧 𝑉 𝜔𝑧 + 𝑈 𝑠𝑧 𝑉′(𝜔𝑧)

1 − 𝑈 𝑠𝑧 𝑉(𝜔𝑧)
 

𝑈′ 𝑠𝑧
sz→1

 𝑐𝑜𝑛𝑠𝑡 < ∞ 

How does one solve for L→ ∞ ? 



One needs to regularize  Φ𝑐(sz) by inserting a cutoff 

Φ𝑐
𝑀 𝑠𝑧 =  

𝑠𝑧 𝑛

𝑛𝑐

𝑀

𝑛=1

 

The truncated function is defined also for 𝑠𝑧 > 1 



sz 

1/𝑉(ω𝑧) 
𝑈𝑀(𝑠𝑧) 

1 

C>2 

𝜖 ≡ 𝑠𝑧 − 1 = 𝑐 − 2
ln𝑀

𝑀
+ 𝑂

ln ln𝑀

𝑀
 𝑀 → ∞ , 𝜖 → 0 



Canonical analysis 

𝑍 𝐿𝑏, 𝐿𝑙  =  partition sum of the model 

𝐿𝑏    overall length of the bound segments 

𝐿𝑙      overall length of the loops 

𝐿𝑏 + 𝐿𝑙 = 𝐿 



𝑄 𝑧𝑏, 𝑧𝑙 =  𝑍(𝐿𝑏, 𝐿𝑙)𝑧𝑏
𝐿𝑏𝑧𝑙

𝐿𝑙

𝐿𝑙,𝐿𝑏

 

=
1

𝜔𝑧𝑏
− 1 − 𝐴Φ 𝑠𝑧𝑙

−1

 

𝑍 𝐿𝑏, 𝐿𝑙 =
1

2𝜋𝑖
 

𝑄(𝑧𝑏, 𝑧𝑙)

𝑧𝑏
𝐿𝑏+1

𝑧𝑙
𝐿𝑙+1 𝑑𝑧𝑏𝑑𝑧𝑙 

𝑍 𝐿𝑏 , 𝐿𝑙 =
1

2𝜋𝑖
 

𝜔𝐿𝑏  1+𝐴Φ𝑐 𝑠𝑧𝑙
𝐿𝑏+1

𝑧
𝑙

𝐿𝑙+1 𝑑𝑧𝑙        

=
1

2𝜋𝑖
 𝑒−𝐿𝐹(𝑧𝑙,𝑚𝑏)𝑑𝑧𝑙   

𝐹 𝑧𝑙 , 𝑚𝑏 = −𝑚𝑏 ln 𝜔(1 + 𝐴Φ𝑐(𝑠𝑧𝑙) + 1 − 𝑚𝑏 ln 𝑧𝑙   

the integral over 𝑧𝑏 can be readily carried out  

𝑚𝑏 = 𝐿𝑏/𝐿 𝐿𝑙 = 𝐿 − 𝐿𝑏 



𝑚 = 1 +
𝐴Φ𝑐−1(𝑠𝑧 𝑚 )

1 + 𝐴Φ𝑐(𝑠𝑧 𝑚 )

−1

 𝑚𝑐 = 1 +
𝐴𝜁𝑐−1

1+𝐴𝜁𝑐

−1
  

𝑍(𝐿𝑏, 𝐿𝑙) =
1

2𝜋𝑖
 𝑒−𝐿𝐹(𝑧𝑙,𝑚𝑏)𝑑𝑧𝑙   

𝑑𝐹

𝑑𝑧
=

1

𝑧
1 − 𝑚 1 +

𝐴Φ𝑐−1(𝑠𝑧)

1 + 𝐴Φ𝑐(𝑠𝑧)
= 0 saddle point  

𝑚 > 𝑚𝑐 𝑚 < 𝑚𝑐 

𝑚𝑐 = 0  for 𝑐 ≤ 2 𝑚𝑐 < 1   for  𝑐 > 2 



𝑚𝑐 = 1 +
𝐴𝜁𝑐−1

1+𝐴𝜁𝑐

−1
  

𝐹 𝑧 𝑚 ,𝑚 =  
− ln 𝜔 1 + 𝐴Φ𝑐 𝑠𝑧 𝑚 + 1 − 𝑚 ln 𝑧 𝑚     𝑚 ≥ 𝑚𝑐

−𝑚 ln 𝜔(1 + 𝐴𝜁𝑐) − 1 − 𝑚 ln 𝑠                             𝑚 < 𝑚𝑐

 

minimize 𝐹(𝑧 𝑚 ,𝑚) 



𝑐 = 1.5 < 2  

𝐹(𝑚) 

𝑚𝑐 = 1 +
𝐴𝜁𝑐−1

1+𝐴𝜁𝑐

−1
= 0   for 𝑐 < 2    



𝑐 = 2.5 > 2 

𝐹(𝑚) 

𝑚𝑐 = 1 +
𝐴𝜁𝑐−1

1+𝐴𝜁𝑐

−1
> 0     for  𝑐 > 2 



c=2.5 

n  -  density of loops  N/L  

𝐹(𝑛) 

𝑛 



Denaturation of circular DNA 

one needs to absorb the extra twist generated by the denaturated loops  

two mechanisms: 

over-twist of the rest of the chain  with an energy cost:  

 

 

introduce wirthe (a twist of the backbone) 

Rudnick, Bruinsma (2002); Garel, Orland, Yeramian (2004); Kabacioglu Orlandini, DM (2009); Bar, Kabacioglu, DM (2011)  

𝐻 = 𝜅
𝐿𝑙
2

𝐿𝑏
+ 𝜖𝐿𝑏 



writhe mechanism 

typical configuration 

the linking number is a topological invariant: 

 

linking number = twist + writhe  





𝐿𝑙  −   overall length of loops 

 

𝐿𝑏 −   overall length of bound segments 

 

𝐿𝑠 −    overall length of supercoiled segments 

𝐿𝑏 + 𝐿𝑙 + 𝐿𝑠 = 𝐿 

𝐿𝑙 − 𝐿𝑠 = 0 (conserved linking number) 



Boltzmann weight of a configuration 

Ω 𝑙𝑖−1,0
𝑙 × 𝜔𝑙𝑖−1,0

𝑏
 × Ω 𝑙i

𝑙 ×  𝜔𝑙𝑖,0
𝑏

 × 𝜈𝑙
𝑙𝑖,𝑜
𝑠

… . . 

𝜔  Boltzmann weight of a bound pair 

𝜈   Boltzmann weight of a supercoiled pair 



Grand canonical approach 

𝑄 𝑧, 𝜇 =  𝑍 𝐿𝑏, 𝐿𝑙 − 𝐿𝑠 𝑧𝐿𝑏+𝐿𝑙+𝐿𝑠𝜇𝐿𝑙−𝐿𝑠 

𝑉 𝑧, 𝜇 =
𝑉(𝑧)

1 − 𝑉 𝑧 𝑊(
𝑧
𝜇
)
 

𝑉 𝑧 =  𝜔𝑧 𝑛 =
𝜔𝑧

1 − 𝜔𝑧

∞

𝑛=1

 

𝑊
𝑧

𝜇
=  

𝜈𝑧

𝜇

𝑛

=
𝜈𝑧

𝜇 − 𝜈𝑧

∞

𝑛=1

 

𝑄 𝑧, 𝜇 =
𝑉 (𝑧, 𝜇)

1 − 𝑉 𝑧, 𝜇 𝑈 𝑧, 𝜇
 

𝑈 𝑧𝜇 =  𝐴
𝑠𝑧𝜇 𝑛

𝑛𝑐

∞

𝑛=1

= AΦ𝑐(𝑠𝑧𝜇) 



𝑄 𝑧, 𝜇 =
1

𝜔𝑧
− 1 −

𝜈𝑧

𝜇 − 𝜈𝑧
− 𝐴Φ𝑐 𝑠𝑧𝜇

−1

 

𝐿 =
𝜕 ln 𝑄

𝜕 ln 𝑧 
     𝐿𝑙 − 𝐿𝑠 =

𝜕 ln 𝑄

𝜕 ln 𝜇
 

𝐿 = ∞                      
1

𝜔𝑧
− 1 −

𝜈𝑧

𝜇 − 𝜈𝑧
= AΦ𝑐 𝑠𝑧𝜇  

 

𝐿𝑙 − 𝐿𝑠 = 0                       
𝜈𝑧

𝜇 − 𝜈𝑧 2 =
𝐴

𝜇
Φ𝑐−1(𝑠𝑧𝜇) 



    
1

𝜔𝑧
− 1 −

𝜈𝑧

𝜇 − 𝜈𝑧
= AΦ𝑐 𝑠𝑧𝜇  

 
𝜈𝑧

𝜇 − 𝜈𝑧 2 =
𝐴

𝜇
Φ𝑐−1(𝑠𝑧𝜇) 

𝑐 ≤ 2                  no phase transition 

for example for   1 < 𝑐 ≤ 2 

Φ𝑐−1 𝑥 → ∞             while    Φ𝑐 𝑥 < ∞      for    x → 1 

thus 𝑠𝑧𝜇 = 1  is not a solution of these equations. 



𝑐 > 2 

for 𝑇 > 𝑇𝑀 

 
1

𝜔𝑧
− 1 −

𝜈𝑧

𝜇 − 𝜈𝑧
= AΦ𝑐 𝑠𝑧𝜇  

 
𝜈𝑧

𝜇 − 𝜈𝑧 2 =
𝐴

𝜇
Φ𝑐−1 𝑠𝑧𝜇  

 

𝑠𝑧𝜇 = 1 

three equations for the two fugacities  𝑧, 𝜇 

one needs to treat the limit 𝑠𝑧𝜇 more carefully by regularizing  𝑈(𝑠𝑧𝜇)  

𝑈𝑀 𝑠𝑧𝜇 = 𝐴  
𝑠𝑧𝜇 𝑛

𝑛𝑐 ≡ 𝐴Φ𝑐
𝑀(𝑠𝑧𝜇)

𝑀

𝑛=1

 



 
1

𝜔𝑧
− 1 −

𝜈𝑧

𝜇 − 𝜈𝑧
= AΦ𝑐 𝑠𝑧𝜇  

 
𝜈𝑧

𝜇 − 𝜈𝑧 2 =
𝐴

𝜇
Φ𝑐−1 𝑠𝑧𝜇  

 

𝑠𝑧𝜇 = 1 

1 𝑠𝑧𝜇 

Φ𝑐−1
𝑀 (𝑠𝑧𝜇) 

𝑐 > 2 

1

𝜔𝑧
− 1 −

𝜈𝑧

𝜇 − 𝜈𝑧
= Aζ𝑐 

 

𝑠𝑧𝜇 = 1 

 
𝜈𝑧

𝜇 − 𝜈𝑧 2 =
𝐴

𝜇
(𝜁𝑐−1 + 𝑎0) 

 

𝑎0 =
𝜈

𝐴𝑠 𝜇 − 𝜈𝑧 2 − 𝜁𝑐−1 

 



𝑚𝑏 =
𝜕 ln 𝑧

𝜕 ln 𝜔
    𝑚𝑠 =

𝜕 ln 𝑧

𝜕 ln 𝜈
      𝑚𝑙 =

𝜕 ln 𝑧

𝜕 ln 𝑠
 

𝑚𝑏 = 1 +
2𝜔𝜈𝜇𝑧2

𝜇 − 𝜈𝑧 2

−1

 

𝑇 > 𝑇𝑀 𝑇 < 𝑇𝑀 

1

𝜔𝑧
− 1 −

𝜈𝑧

𝜇 − 𝜈𝑧
= Aζ𝑐 

 

𝑠𝑧𝜇 = 1 

1

𝜔𝑧
− 1 −

𝜈𝑧

𝜇 − 𝜈𝑧
= AΦ𝑐(𝑠𝑧𝜇) 

𝜈𝑧

𝜇 − 𝜈𝑧 2 =
𝐴

𝜇
Φ𝑐−1 𝑠𝑧𝜇  

nature of the denaturation transition 

Φ𝑐−1(1 − 𝜖)= 𝜁𝑐−1 + 𝜁𝑐−2𝜖 + ⋯+ Γ 𝑐 − 2 𝜖𝑐−2 + ⋯  



𝛿𝑚𝑏 𝑡 =  
𝑔 𝑡                     𝑡 < 0

𝑔 𝑡 + 𝛼𝑡𝜂       𝑡 > 0
 

𝑡 =
𝑇𝑀 − 𝑇

TM
 𝑔 𝑡 −analytic function near 𝑡 = 0 

𝜂 =  
1

𝑐 − 2
1

 2 < 𝑐 ≤ 3 

𝑐 ≥ 3 

free energy: 𝐹 𝑡 =  
𝑓(𝑡)

𝑓 𝑡 + 𝛾𝑡𝜂+1  

order of the transition  
𝑐 − 1

𝑐 − 2
2

 
2 < 𝑐 ≤ 3 

𝑐 ≥ 3 



𝑐 = 4.5       𝑠 = 5        𝐴 = 0.1 

typical curves 

𝑚𝑏 =
𝐿𝑏

𝐿
                 fraction of the overall bound pairs 

𝑙𝑏 =
𝐿𝑏

𝐿
                average length of a bound segment 

𝑛𝑏 =
𝑚𝑏

𝑙𝑏
=

Nb

L
     density of bound segments 

𝑁𝑏 −number of bound segments             𝐿𝑏 −total length of bound segments 







loop-length distribution and existence of a macroscopic loop at 𝑇 > 𝑇𝑀  

𝑝𝑀 𝑙 =
1

Φ𝑐
𝑀(𝑠𝑧𝜇)

𝑠𝑧𝜇 𝑙

𝑙𝑐
 𝑠𝑧𝜇 = 𝑒𝜖     𝜖 = (𝑐 − 2)

ln𝑀

𝑀
 

𝑝𝑀(𝑙) 

𝑀−2 

𝑀

ln𝑀
 
𝑀 

macroscopic loop 

weight 𝑂(
1

𝑀
) 



Canonical approach 

𝑍 𝐿, 𝐿𝑙 − 𝐿𝑠 =
1

2𝜋𝑖 2  𝑑𝜇 𝑑𝑧
𝑄(𝑧, 𝜇)

𝑧𝐿+1𝜇𝐿𝑙−𝐿𝑠+1 



calculate the loop size distribution 

𝑃 𝑙 = 𝐴
𝑠𝑙

𝑙𝑐
𝑍(𝐿 − 𝑙, −𝑙)

𝑍(𝐿, 0)
 (𝐿 → 𝐿 − 𝑙   ;  𝐿𝑙 − 𝐿𝑠 → −𝑙) 



summary 

linear DNA  

𝑐 ≤ 1      no transition  

1 < 𝑐 ≤ 2     continuous transition 

𝑐 > 2      first order transition 

2 < 𝑐 ≤ 3   transition of high order   
𝑐−1

𝑐−2
 

Circular DNA 

𝑐 ≤ 2      no transition  

𝑐 > 3      second order transition 

canonical vs grand-canonical results for the PS model 


