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Synchronization of two coupled oscillators
See e.g. [Pikovsky, Rosenblum, Kurths 2001]

Xj = (9,‘,9.,'), | = 1,2
x1 = fi(x1)
xp = fo(x2)

¢; : good parametrisation of limit cycles

¢:51ZW1
P2 = wn
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Synchronization of two coupled oscillators
See e.g. [Pikovsky, Rosenblum, Kurths 2001]

Xj = (9,‘,9.,')7 = 1,2
x1 = f(x1) + egi(xi, x2)
xo = h(x2) + ego(x1, x2)
¢; : good parametrisation of limit cycles

¢:51 = w1 + £Qi1(¢1, P2)
P2 = wor + £Qa(01, P2)
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Synchronization of two coupled oscillators
See e.g. [Pikovsky, Rosenblum, Kurths 2001]

Xj = (9,‘,&,’), | = 1,2
x1 = f(x1) + eg1(x1, x2)
X = h(x2) + ega(x1, x2)

¢; : good parametrisation of limit cycles

{451 = w1 + £Q1(¢1, P2)

b2 = wr + e Qa(¢1, )

)Y =1 — @2 Y =—v+eq(ih, ) V=wy —wi
If w1 = w2 d1+¢2 = p w1 +wo
p =838 p=w+0(e) w= =5

d
For small detuning v: averaging = wd—w ~ —v+¢eq(v)
2
Example: Adler's equation g(v)) = sin(): Fixed points for sin(¢)) = v/e

Remark: if w>/wi ~ m/n similar behaviour for 1) = ng1 — m¢, (Arnold tongues)
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Noise-induced phase slips

Averaged equation with noise

dy _ _ 7a\
w— = —v ~+eq(y) + noise

dSO —

7% (1/1/)75 fw G(x) dx)
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Noise-induced phase slips

Averaged equation with noise

dy _ : 7\
w— = —v ~+eq(y) + noise

dSO —

7% (1/1/)75 fz/) G(x) dx)

Original equations with noise ¢
. ] unstable
Y = —v+eq(¥, ¢) + noise
¢ =w + O(g) + noise | ctable
S @

Question: distribution of phases ¢ when crossing unstable orbit?
This is a stochastic exit problem.
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Stochastic differential equations

dXt:f(Xt)dt+O'g(Xt)th XERn
> Transition probability density: p:(x, y)

v

Markov semigroup T;: for ¢ € L™,
(Tep)x) = Blo(x)] = [ pelxy)eln) dy

Generator: Ly = d - Teplt=0

(L) = S (952 + 2 3 (e i) 5t

0x;0x;
ij

v

Adjoint semigroup: for pe L

(WT) = P {x = dy} = [ nG)pileey)de

with generator L*

v

Kolmogorov equations: d—dtpt(x,y) = Lypt(x,y)
Spe(x,y) = Lype(x,y)  (Fokker—Planck)
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Stochastic exit problem
Given D C R ", define first-exit time
p = inf{t > 0: x; ¢« D}

First-exit location x., € 9D
defines harmonic measure

H(A) = P*{xr,, € A}
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Stochastic exit problem
Given D C R", define first-exit time
p = inf{t > 0: x; ¢ D}

First-exit location x., € 9D
defines harmonic measure

H(A) = P*{xs,, € A}

Facts (following from Dynkin's formula):
L =-1 D
> u(x) = EX[rp] satisfies u(x) X<
u(x)=0 x € 0D
> For ¢ € L*(0D,R), h(x) = EX[¢(xr, )] satisfies

{Lh(x) =0 xeD
h(x) = ¢p(x) x € 9D
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Wentzell-Freidlin theory
dXt:f(Xt)dt+Ug(Xt)th XGR”

Large-deviation principle with rate function

1 [T L
10) =3 [ Ge= 076 MG~ Fode D= ge”
For a set I of paths v: [0, T] - R"™ P{(Xt)ogth er}~ o—infr /o2

Noise-induced phase slips, log-periodic oscillations and the Gumbel distribution January 28, 2014 5 /16



Wentzell-Freidlin theory
dxe = f(x¢) dt + og(x¢) dW; xeR"

Large-deviation principle with rate function

1 [T L
10) = [ Ge = FOTDO) e~ Fo)d D= ge”
For a set I of paths v: [0, T] = R"™ P{(Xt)ogth er}~ o—infr /o2

Consider domain D contained in basin of attraction of attractor A

Quasipotential: V(y) =inf{l(y): v: A — y € 9D in arbitrary time}

L2 Vo e
> JIL}T‘IOU logE[rp] =V = yleanD V(y) [Wentzell, Freidlin '69]
> If inf reached at a single point y* € D then
|im0P{HXTD —y*| >0} =0 V6>0 [Wentzell, Freidlin '69]
o—
> Exponential distr of 7p: Iim0 P{rp > sE[rp|} =e° [Day '83]
ag—
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Application to exit through unstable periodic orbit

Planar SDE
dXt = f(Xt) dt + O'g(Xt) th

D C R?: int of unstable periodic orbit
First-exit time: 7p = inf{t > 0: x; & D}
Law of first-exit location x,, € 9D?
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Application to exit through unstable periodic orbit

Planar SDE

dXt = f(Xt) dt + O'g(Xt) d Wt

D C R?: int of unstable periodic orbit
First-exit time: 7p = inf{t > 0: x; ¢ D}
Law of first-exit location x,, € 9D?

Large-deviation principle with rate function

10) =3 [ Ge= FOTDG e~ Flu)de D= gg”

Quasipotential:
V(y) = inf{/(7): =y : stable orbit — y € JD in arbitrary time}

Theorem [Wentzell, Freidlin '69]: If V' reaches its min at a unique
y* € 0D, then x;, concentrates in y* as 0 — 0
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Application to exit through unstable periodic orbit

Planar SDE

dXt = f(Xt) dt + O'g(Xt) d Wt

D C R?: int of unstable periodic orbit
First-exit time: 7p = inf{t > 0: x; ¢ D}
Law of first-exit location x,, € 9D?

Large-deviation principle with rate function

10)=5 [ Ge= GG e~ ) de D= gg”

Quasipotential:
V(y) = inf{/(7): =y : stable orbit — y € JD in arbitrary time}

Theorem [Wentzell, Freidlin '69]: If V' reaches its min at a unique
y* € 0D, then x;, concentrates in y* as 0 — 0

Problem: V is constant on 9D!

Noise-induced phase slips, log-periodic oscillations and the Gumbel distribution January 28, 2014 6 /16



Most probable exit paths

In polar-type coordinates
dor = fo(pr, re) dt + o8, (e, re) dWs v € R /2nZ
dre = (o, re) dt + ogr(et, 1) dWs rel[-1,1]

Minimisers of | obey Hamilton equations with Hamiltonian
H(v,9) = 3¢0TD(Y + ()T where ¢ = D(7) 1 (3 — (7))

-1 ‘

1 7'
stable periodic orbit unstable periodic orbit

Generically optimal path 74, (for infinite time) is isolated
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Random Poincaré maps

v or
‘ — —————— unstable periodic orbit
1-5
7
Ro Wv-‘”)w
s @
1
oo
#444// stable periodic orbit

> Ro, R1, ... Ry form substochastic Markov chain (killed in r = 1)

> Under hypoellipticity cond, transition kernel has smooth density k
[Ben Arous, Kusuoka, Stroock '84]

PR{R, € B} = K(Ro, B) ::/ k(Ro,y)dy
B

> Fredholm theory: spectral decomp k(x,y) = >, ~o Achk(x)hi(y)
Ao € [0, ].]: principal eigenvalue [Perron, Frobenius, Jentzsch, Krein—Rutman]

h*
Ii_)m P{R, € dx|N > n} = 0(*) = mo(x) quasistationary distr (QSD)

Jhs
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Random Poincaré maps

r er

— ————— unstable periodic orbit

s |

B
Robon?””

1
Yoo

4 A 1

stable periodic orbit

Consequences of spectral decomp k(x,y) = >~ Akhk(x)h(y)
assuming spectral gap [A\1]/A\g < 1:

> PRYR, € A} = Agho(Ro)/

h(y) dy [1 4+ O((|A1]/20)™)]
> Ift=n++s, A

PR {p, € dt} = Afho(Ro) / hy(y)PY {or € ds}dy [1+O((|A1]/20)")]

Periodically modulated exponential distribution: f(t + 1) ~ \of(t)
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Computation of exit distribution

- Mjf ————— unstable periodic orbit
S —
Ro Wv-‘”)w
8 @
1
oo
#444// stable periodic orbit

Split into two Markov chains:
> Chain killed upon r reaching 1 — 9 in ¢ = ¢,
Pp, € [p1,01 + Al} = (A§)#r e )/

> Chain killed at r =1 — 26 and on unstable orbit r =1
¢ Principal eigenvalue: \j = e 2%+ T+(1 4+ O(6))
Ay = Lyapunov exponent, T, = period of unstable orbit
¢ Using LDP:

P {io, € [, + A} = ()P 1 e loetele P T/
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Main result: log-periodic oscillations (cycling)
Theorem [B & Gentz, SIAM J Math Anal 2014]
3B,¢ > 0: VA, § > 030 > 0: V0 < 0o < oo

]P)ro,O{H(SOT) €[t t+ A]} =AC(0)(Ao)' Q. T, <|/\Ij-g7(_1’ —t+ O@))

X [1+0(e=<t/IP871)+O(8]l0g 8)+O(A%)]

> ar(x) = Y G(AT(n—x)) with G(x) = exp{—2x — 37>}
Cycling profﬁe: periodicised Gumbel distribution

Q1. (@)

MTy =1
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Main result: log-periodic oscillations (cycling)
Theorem [B & Gentz, SIAM J Math Anal 2014]
38,c¢>0: VA, >03op >0: V0O < 0 < 09

Prg,O{g(@T) €[t t+ A]} =AC()(No) Qr. T. <|/\|j-g7i’ —t+ 0(5)>

X [1+0(e=t/ 18 1) 1O (5]log 5)+O(AP)]

> ar(x) = Y G(AT(n—x)) with G(x) = exp{—2x — 3 &7}

Cycling profile, periodicised Gumbel distribution
> 0(y): explicit function of D, (1,¢), O(p +1) =6(p) +1
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Main result: log-periodic oscillations (cycling)

Theorem [B & Gentz, SIAM J Math Anal 2014]
38,c¢>0: VA, >03op >0: V0O < 0 < 09

IP’rO’O{Q(SOT) €[t t+ A]} =AC()(No) Qr. T. <|/\|:)-g7i’ —t+ 0(5)>

X [1+0(e=t/ 18 1) 1O (5]log 5)+O(AP)]

> ar(x) = Y G(AT(n—x)) with G(x) = exp{—2x — 3 &7}

Cycling profile, periodicised Gumbel distribution

> O(p): explicit function of D, (1,¢), (¢ +1) = 0(¢) + 1

> Ao: principal eigenvalue, \p =1 — e~ V/o?
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Main result: log-periodic oscillations (cycling)
Theorem [B & Gentz, SIAM J Math Anal 2014]

3B,¢>0:VA,§ >03op > 0: V0 < 0 < 00

Pm’o{e(@r) clt,t+ A]} = AC(J)()\o)tQA+T+ <|/\|:)_g_;_:_’ —t+ 0(5)>

X [1+0(e=<t/ 18 1) 1O (5]log 5)+O(AP)]

v

Qr(x) = D G(AT(n—x)) with G(x) = exp{—2x — 3 e~}

Cycling profile, periodicised Gumbel distribution

0(): explicit function of D, (1,¢), O(p +1) = 0(¢) +1
—V/o?

v

> Ag: principal eigenvalue, \p =1 —e
C(o) = O(e™¥/7)

v
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Main result: log-periodic oscillations (cycling)

Theorem [B & Gentz, SIAM J Math Anal 2014]
38,c¢>0: VA, >0dop >0: V0O < 0 < 09

Prg,O{g(SOT) €[t t+ A]} =AC(0)(No)'Qr. T. <|/\|j-g7i‘+’ —t+ 0(5)>

X [1+0(e=t/ 18 1) 1O (5]log 5)+O(AP)]

Qr(x) = D G(AT(n—x)) with G(x) = exp{—2x — 3 e~}

Cycling profile, periodicised Gumbel distribution

0(y): explicit function of D, (1,¢), O(p +1) =6(¢) +1
—V/o?

v

v

> Ag: principal eigenvalue, \p =1 —e
C(0) = O(e™V/7)

Cycling: periodic dependence on |log o
[Day'90, Maier & Stein '96, Getfert & Reimann '09]

v

v
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Animations

Influence of noise intensity: cycling
A=1,Ty=4V=1

1> 0 >0.0001

(area under curve not normalized)

avi file

Influence of period
Ar=1,0=04 V=1
0.001Tg < T4 < Tk

Tk ~ eV/7® Kramers' time
(area under curve not normalized)

avi file
See also http://www.univ-orleans.fr/mapmo/membres/berglund/simcycling.html
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Why log-periodic oscillations?
Phase at crossing: Wa(t) = Y 0 o PP{0(¢p;) € [n+t,n+ t+ A]}

Corollary : Wa(t) = AQx, T, (% —t+ (9(5)) [1+O(§|Iog5|)+O(Aﬂ)]

: .1 llog o
I I I P— —_—
5,AIrD)O UIL)no AWA (t + )\+ T+ ) QA+ T+( t)
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Why log-periodic oscillations?
Phase at crossing: Wa(t) = Y 0 o PP{6(¢p;) € [n+t,n+t+ A]}
Corollary : Wa(t) = AQx, T, (% —t+ (9(5)) [1+O(6|Iog5|)+O(Aﬂ)]

|log |
ATy

1
li lim —Wa( t
5,A”loo';noA A< *

) = Q7. (-t)

Heuristics :
0(p) : parametrisation in which
effective normal diffusion is constant

dist(7ao, unst orbit) ~ e~ A+ T+0(¥)

Escape when

ATy
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Why log-periodic oscillations?
Phase at crossing: Wa(t) = Y 0 o PP{6(¢p;) € [n+t,n+t+ A]}
Corollary : Wa(t) = AQx, T, (% —t+ (9(5)) [1+O(6|Iog5|)+O(Aﬂ)]

|log |
ATy

1
li lim —Wa( t
5,A”loo';noA A< *

) = Q7. (-t)

Heuristics :
0(p) : parametrisation in which
effective normal diffusion is constant

dist(7ao, unst orbit) ~ e~ A+ T+0(¥)

Escape when

ATy
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Why log-periodic oscillations?
Phase at crossing: Wa(t) = Y 0 o PP{6(¢p;) € [n+t,n+t+ A]}
Corollary : Wa(t) = AQx, T, (% —t+ (9(5)) [1+O(6|Iog5\)+O(Aﬂ)]

: .1 llog o
I | I P— —_—
5,AIrD)O U[)no AWA <t + )\+ T+ ) QA+ T+( t)

Heuristics :
0(p) : parametrisation in which
effective normal diffusion is constant

dist(7ao, unst orbit) ~ e~ A+ T+0(¥)

Escape when

ATy

Remark: log-periodic oscillations appear in finance, diffusion through fractals,
renormalization maps ...
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Why a Gumbel distribution?

Length of reactive path
[Cérou, Guyader, Lelievre, Malrieu 2013] :
dxe = —V/(x)dt +cdW, a<xg<0 \
x* a

Theorem:
Iim P{Tb — g|Iog;0| <t ‘ T < Ta}

(Iog 2bolb | f(xo) + 1(b) + /\(t)>

where \ = — V”(O) I(x) = [! (le(y)JF%)dy

and A(t) =e~ ¢ : distrib. function of standard Gumbel r.v.

Proof uses Doob’s h-transform
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Why a Gumbel distribution?

Length of reactive path
[Cérou, Guyader, Lelievre, Malrieu 2013] :
dxe = —V/(x)dt +cdW, a<xg<0 \
x* a

Theorem:

Iim P{Tb — g|Iog;0| <t ‘ T < Ta}
(log 2l 1(x0) + 1(b) + A1)

where \ = — V”(O) I(x) = [! (le(y)JF%)dy

and A(t) =e~ ¢ : distrib. function of standard Gumbel r.v.

Proof uses Doob’s h-transform

[Bakhtin 2013] :

Link with extreme-value theory and residual lifetimes for linear case

dXt = )\Xtdt+Uth
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Extreme-value theory and residual lifetime

> X1, Xo,... i.i.d. real r.v. M, = max{Xi,..., Xp}

> F(x)=P{X1<x}=1—-R(x) = P{M,<x}=F(x)"

> Def: F € D(®) < J(an)n >0, (bn)n: Ii_)m F(anx + bp)" = ®(x)
n o0
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Extreme-value theory and residual lifetime
> X1, Xo,... i.i.d. real r.v. M, = max{Xi,..., Xn}
Fix)=P{Xi<x}=1-R(x) = P{M,<x}=F(x)"
Def: F € D(®) < 3(an)n > 0, (bn)n: |i_>m F(anx + bp)" = ®(x)
n—oo

v

v

v

Thm [Fisher, Tippett '28, Gnedenko '43]: F # 1c oy, F € D(®)
= o c {/\ =e eix, e " 1{X>0},ef(7x)(Y 1{X<0} + 1{X>0}}

Gumbel Fréchet Weibull
> [Gnedenko '43]: F € D(®) < lim nR(anx + b,) = —log ®(x)
n—oo
>

[Balkema, de Haan '74]:
FeD(A) < 3Ja(-) >0: lim P{X >r+a(r)x|X >r}=e"
r—o0o
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Extreme-value theory and residual lifetime
> Thm [Fisher, Tippett '28, Gnedenko '43]: F # 1[5700), F € D(®)
= o c {/\ = e_eix, e 7 1{X>0},e_(_x)a 1{X<0} + 1{)@0}}

Gumbel Fréchet Weibull
> [Gnedenko '43]: F € D(®) < Ii_)m nR(apx + by) = — log ®(x)
n—o0

> [Balkema, de Haan '74]:
F € D(N\) < 3a(-) > 0: im P{X>r+a(r)x|X >r}=e""
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Extreme-value theory and residual lifetime
> Thm [Fisher, Tippett '28, Gnedenko '43]: F # 1[5700), F € D(®)
= o c {/\ = e_eix, e " 1{X>0},e_(_x)a 1{X<0} -+ 1{)@0}}

Gumbel Fréchet Weibull
> [Gnedenko '43]: F € D(®) < Ii_)m nR(apx + by) = — log ®(x)
n—o0

> [Balkema, de Haan '74]:
F € D(N\) < 3a(-) > 0: im P{X>r+a(r)x|X >r}=e""

dXt = >\Xt dt -+ Uth = Xt = eAt (XO + W 217372)\1‘) = e/\t Xt
ot

7 =inf{t > 0: X; =0}

By the reflection principle:

P{r < t+ }|logo| | 7 < oo} :IP’{)N(H%“OE;U‘ >0 ‘ Xoo > O}

:IP?{N>%°\/102 —x | N > 2V2 }

— exp{—xg)\ e*2)‘t} aso — 0
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Extreme-value theory and residual lifetime
> Thm [Fisher, Tippett '28, Gnedenko '43]: F # 1[5700), F € D(®)
= o c {/\ = e_eix, e " 1{X>0},e_(_x)a 1{X<0} -+ 1{)@0}}

Gumbel Fréchet Weibull
> [Gnedenko '43]: F € D(®) < Ii_)m nR(apx + by) = — log ®(x)
n—o0

> [Balkema, de Haan '74]:
F € D(N\) < 3a(-) > 0: im P{X>r+a(r)x|X >r}=e""

dXt = >\Xt dt -+ Uth = Xt = eAt (XO + W 217372)\1‘) = e/\t Xt
ot TN
7 =inf{t > 0: X; =0}

By the reflection principle:

) N -
P{r < t+ illogo| | 7 < oo} = IP){XH%“OM‘ > 0| X > 0f
:IP{N> DN T 02 A N> 2v2 }
ANe™) = e X — exp{—xg)\ efz)‘t} aso —0
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