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TaE ISING MODEL

» Let G = (V,E) be a finite graph embedded in the plane.
» A spin configuration o assigns to every vertex X a spin

oy € {-1,1}.

+1/-1 are represented by green/blue dots.

Set of spin configurations : {—1, V.



THE ISING MODEL

» Edges of G are assigned positive coupling constants: J = (Je)ecE-

» Ising Boltzmann measure:

exp( D ny(rxa'y)

e=xyeE

B

Voe{-1,1}Y, Puin(o) =
fstng ZIs'mg(G’ J)

where Zising(G,J) = Z exp [ Z nya'xay] is the Ising
oe{-1,1}V e=xyeE
partition function.



TaeE XOR-ISING MODEL

Ising model on G, J = (Je)ect A
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CONJECTURE FOR THE XOR-ISING MODEL

ConNJecTURE (WILSON (11), IKHLEF, P1ccO, SANTACHIARA)

The scaling limit of polygon configurations separating +1 clusters of the
critical XOR-Ising model are contour lines of the Gaussian free field,
with the heights of the contours spaced V2 times as far apart as they
are for [...] the double dimer model on the square lattice.



RESULT

THEOREM (BOUTILLIER, DT)
» Polygon configurations of the XOR-Ising model have the same law
as a family of contours in a bipartite dimer model.

» This family of contours are the level lines of a restriction of the
height function of this bipartite dimer model.

REMARK

Proved when the graph G is embedded in a surface of genus g, g > 0, or
when G is planar, infinite.

» When the XOR-Ising model is critical, so is the bipartite dimer
model.

» Using results of [dT] on the convergence of the height function,
this gives partial proof of Wilson’s conjecture.



Low TEMPERATURE EXPANSION [KRAMERS & WANNIER]
» Polygon configuration: subset of edges s.t. each vertex is incident
to an even number of edges.

> Write, o = (Bl + € Ol r,)-

The partition function is then equal to (LTE):

Zising(G,J) = Z 1_[ /e = € Z 1—[ e e

oef{-1,1}V e=xyeE P*eP(G*) e*eP*

» Geometric interp: polygon config. separate clusters of +1 spins.




HiGH TEMPERATURE EXPANSION [KRAMERS & W ANNIER]

» Write, e*7x% = cosh(Je)(1 + oxoy tanh(Je)).

The partition function is then equal to (HTE):

Zising(G. ) = Z [T m=e | ]anhve.

—1,1}V e=xyeE PeP(G) ecP

» No geometric interpretation using spin configurations.



DoUBLE ISING MODEL

» Take 2 independent copies (red/blue) of an Ising model on G,
with coupling constants J.

» Using the LTE, consider the probability measure Py_iging:

C* (1 e™5)( 1 %)

e*eP* e*eP*

Z2-Ising(Ga J) '

¥(P*,P") € (G")’, Porsing(P",P") =

where ZZ-Ising(Ga J) = ZIs’mg(Ge J)z-



DoUBLE ISING MODEL

» Let (P*,P*) be two polygon configurations.

» Consider the superimposition P* U P*.

R,

T

i

Superimposition P* U P*

» Define two new edge configurations:

» Mono(P*, P*): monochromatic edges.
» Bi(P*, P*): bichromatic edges.



MONOCHROMATIC EDGES

Monochromatic edge configuration of P* U P*.

LEMMA
Mono(P*, P*) is the polygon configuration separating +1 clusters of the
corresponding XOR-Ising spin configuration.

Goar: understand the law of monochromatic edge configurations.



BICHROMATIC EDGE CONFIGURATIONS

» Let (P*,P*) be two polygon configurations.

» Mono(P*, P*) separates the surface into connected comp. (Z;);.
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LEMMA
For every i, the restriction of BU(P*,P*) to %; is the LTE of an Ising
configuration on Gs,, with coupling constants (2Jg).



PROBABILITY OF MONOCHROMATIC CONFIGURATIONS

LEMMA

Let P* be a polygon configuration, separating the surface into np
connected components. For every i, let P} be a polygon configuration
of G;i.

Then, there are 2™ pairs of polygon configurations (P*,P*) having P*
as monochromatic edges, and P{,--- ,P}_ as bichromatic edges.

Denote by W(P*) the contribution to Zs.1sing(G,J) of the pairs of
polygon configurations (P*, P*) such that Mono(P*, P*) = P*.

COROLLARY

> WP = C[Teepr €2 [115(221:2(Gy,, 2D)).
> Zo1sing(G,J) = Xprepary W(PY).

* w(Pr
Py.1sing(Mono = P*) = Zz.Is'u(zg(éJ)'




MIXED CONTOUR EXPANSION

W(P*) = C([Teep- € 2°) [1)7(221:1(GE, . 2)).

Ipea [NienHUIS]: use Kramers and Wannier high temperature
expansion in each connected component ;.

Z11(Gyg,, 27) = C(Z)Zur(Cy;, 27).

m O
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Low temp. expansion on Gi  High temp. expansion on Gs,.
p. exp 5, g L




MIXED CONTOUR EXPANSION
Combining the terms:

ProrosiTion
For every polygon configuration P*,

W(P*)_Gn( 2¢2e

1—e e
1+ e e )

—47,
){PGT(G): P-NP=0) ecP (1 te

— L] ||
S

5 =1

( 2¢=2Je

1+e~4e ) P (
*epr PeP(G): P*NP=0} ecP
PZ—Ising(Mono =P") = = e (Z) ﬁ =

p*eP(G*)

1—e~%e
1+e~Ve




HIGHER GENUS

If the graph is embedded in a surface X of genus g > 0.
» Consider Hi(Z,Z/2Z) ~ {0, 1)%.
» Family of Ising models, indexed by & € {0,1}%.

» The double Ising model partition function is defined as:

ZotangG D) = D Zing(G I

£€{0,1}%¢



FROM PAIRS OF NON-INTERSECTING PRIMAL/DUAL POLYGON
CONFIG. TO THE DIMER MODEL ON THE BIPARTITE GRAPH GQ

» The bipartite graph G




THE DIMER MODEL ON G®

» A dimer configuration of G? is a subset of edges M such that
each vertex is incident to exactly on edge of M.
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» Positive weight function v on the edges.

» Dimer Boltzmann measure: YM € M(GQ), Pgimer(M) = ZFL((&?%‘



THE DIMER MODEL ON G®

» A dimer configuration of G? is a subset of edges M such that
each vertex is incident to exactly on edge of M.
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» Positive weight function v on the edges.

» Dimer Boltzmann measure: YM € M(GQ), Pgimer(M) = ZFL((&?%‘



FIRST STEP OF THE MAPPING

» From pairs of polygon configurations to the 6-vertex model on

the medial graph [N'Lenhuis]
RPN > < ><

Local mapping

1 2 381 5 6
1 %KX;%%
N o e

; . _ 2e7%e _ loet¥e -
> WCLghtS. w12 = Frpe ) w34 = Fpe wsg = 1




FIRST STEP OF THE MAPPING

» From pairs of polygon configurations to the 6-vertex model on
the medial graph [Nienhuis]

Local mapping

92 —2Je _.—4Je

. . _ _ l=e” —
» Weights: wig = m, W34 = [T > W56 = L



SECOND STEP OF THE MAPPING

» From the 6-vertex model to the dimer model [Wu L'Ln Dube’dat]
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CONCLUSION

» To every dimer configuration M of GQ, assign
Poly(M) = (Poly;(M), Polyy(M)),
the pair of polygon configurations given by the mappings.

THEOREM
For every polygon configuration P* of G*,

Py.1sing(Mono = P*) = Paimer(Poly; = P¥)




HEIGHT FUNCTION FOR BIPARTITE DIMERS (THURSTON)
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HEIGHT FUNCTION FOR BIPARTITE DIMERS (THURSTON)
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HEIGHT FUNCTION FOR BIPARTITE DIMERS (THURSTON)
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HEIGHT FUNCTION FOR BIPARTITE DIMERS (THURSTON)
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Pictorial proof of “Polygon configurations of the graph G* are level
lines of the restriction of the height function.”



ISORADIAL GRAPHS

» A graph G is isoradial if it is planar and can be embedded in the
plane in such a way that all faces are inscribed in a circle of
radius 1, and that the circumcenters are in the interior of the
faces (Duffin-Mercat-Kenyon).
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ISORADIAL GRAPHS

» A graph G is isoradial if it is planar and can be embedded in the
plane in such a way that all faces are inscribed in a circle of
radius 1, and that the circumcenters are in the interior of the
faces (Duffin-Mercat-Kenyon).




ASSOCIATED RHOMBUS GRAPH, ANGLES

» Take the circumcenters.



ASSOCIATED RHOMBUS GRAPH, ANGLES

» Join the circumcenters to the vertices of the graph G.
= Associated rhombus graph G°.
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ASSOCIATED RHOMBUS GRAPH, ANGLES




CRITICAL 2-DIMENSIONAL ISING MODEL ON ISORADIAL GRAPHS

» The Ising model defined on an isoradial graph G is critical if the
coupling constants are given by, for every edge e:

7 1l 1+ sinfg
= —log| —|.
°7 2 g cos O

(Z-invariance + duality [Baxter], proof in period. case [Li-Dum.& Cim.])
Example: G = Z?: V edge e, 6 = T Je= %log(l + V2).
= critical temperature computed by Kramers & Wannier.

» The corresponding bipartite graph GQ is also isoradial, and the
weights are the critical dimer weights:

sin®
1 1

cos @ 79):( cos@

1.1
sin®



Back To WILSON'S CONJECTURE

CoNJECTURE (WILSON)

The scaling limit of polygon configurations separating +1 clusters of the
critical XOR-Ising model are contour lines of the Gaussian free field,
with the heights of the contours spaced V2 times as far apart as they
are for [...] the double dimer model on the square lattice.

THEOREM (BOUTILLIER, DT)

XOR-polygon configurations of the double Ising model on G have the
same law as level lines of a restriction of the height function of the
bipartite dimer model on GQ, with an explicit coupling.

TueoreM (DT)

The height function (as a random distribution) of the critical dimer

model defined on a bipartite graph converges weakly in law to %ﬁ a

Gaussian free field of the plane.



Back To WILSON'S CONJECTURE

Suppose we had strong form of convergence, allowing for convergence
of level lines. Then:

level lines of h® | — | level lines of GFF
(k,k €Z) (Vrk,k € Z)
(k+1,keZ) (L*(2k + 1),k € Z) | XOR loops

For the critical double dimer model. The height function is h‘f - h;,

where h; and hg are independent, and each converges weakly in

distribution to \/%? a Gaussian free field. Thus, h; — hg converges

weakly in distribution to V2 o Gaussian free field.

v

level lines of h‘f - hg — | level lines of GFF
N7
(k,k € Z) (Gk ke
(k+ 31 kez) %(% +1),k € Z) | d-dimer loops




