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The Arrow of Time

Direction of time’s arrow is set by dS/dt >0

Once thermal equilibrium is reached, dS/dt =0

Corollary:

In thermal equilibrium, you cannot tell if a

movie is running forward or backwards

arrow of overwhelming probability > @

time-reversal
symmetry (TRS)

more fundamentally:
CPT symmetry




Active Matter: TRS Broken in Steady State
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Quantification via Stochastic Thermodynamics

In steady state

dS — _1_ g Prob(forward sequence)
dt — to—11 Prob(backward sequence)

dS/dt directly quantifies the unlikelihood of reverse processes

review: U Seifert, Rep. Prog. Phys. (2012)

» dS/dt depends on scale of observation

* Field theories are coarse-grained =

our dS/dt quantifies “visible” irreversibility only

e Directly calculable from field theory path integral




Continuum Theory of Phase Separation

¢ =—-V.J

J=-Vu+ Vv2DA

u=ag+ bp> — KV2¢

MODELB

p=0F/0¢

F=[aV[f(¢) + 5(V$)?]
f(¢) = 5% + 30

Bl = po

A = unit white noise
D = kyT M
M = 1 mobility

\ f(®) |

phase equilibria:
common tangent

P =P where P = u¢p — f



Active Continuum Theory of Phase Separation

¢ =—-V.J
J=-Vi++V2DA
i=ap+bp3 - kV2p +A(V)?

ACTIVE MODEL B

MNV$)2 £ §F/6¢p forany F
= minimal violation of TRS \ f(@b)

Active Phase Separation:
uncommon tangent construction

R Wittkowski et al, Nat Comm 5 4351 (2014)
More general method: A Solon et al, PRE (2018)

AP()\)



Active Model B+

¢ =—-V.J
J = —V,EL—I-\/QDA ‘|‘ JC
i=ap+bp3 - kV2p +A(V)?

Dealing with the C current:

JCZ—V/LC—FVXH

e =
invisible for
Leaves nonlocal chemical potential (3D): ¢ dynamics
V- J
r) — — dI', = +
,ug( ) / 47|y — 1/ H=Heg™ Une

E. Tjhung et al., PRX 8, 031080 (2018)



Quantifying TRS Violations: Active Model B/B+

V¢ =3 =-V(ue+ une) + (2D)1/2A

1 /7 .
Plg) = exp —— [ dVadt|V 1 d+ V(e +une) P

1 7 : .
IN(Pt/Po) = [ dVdt(V !¢V e+ V1 dVane)

AF 1 /7.
= — — — dV dt
7 D/o PUNE
steady state: S . [this] 1 :
@ — im — = / 4V
o = i 7 | (PENE)

C. Nardini et al., PRX 7, 021007 (2017)



Quantifying TRS Violations: Active Model B

@5 = [o(r)dV

steady state local entropy production rate density

o(r) = (5(r))
5(r) = —Ap(V¢)?/D
= V(agp + bg3 — kV2¢ + A(V¢)2).V(MN(V)2)/D

EPR is local operator in field theory

Global EPR calculable from stationary measure P[¢(r)]

C. Nardini et al., PRX 7, 021007 (2017)



Quantifying TRS Violations: Active Model B

Interface between bulk phases
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Low noise expansion:
DO contribution from interfaces, D! from bulk phases

C. Nardini et al., PRX 7, 021007 (2017)
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Quantifying TRS Violations: Active Model B+

Interface between bulk phases

o= oung/D

ung = (A —¢/2)(Ve)?
—(V2[(V2)? — (VaV36)?]

important for curved interfaces

Low noise expansion:
DO contribution from interfaces, D! from bulk phases unchanged

C. Nardini et al., PRX 7, 021007 (2017)



Quantifying TRS Violations

Questions:
How should we understand these scalings?
How does EPR behave close to liquid-vapour critical point?

Preceded by:
(i) can TRS emerge upon coarse-graining?
(ii) what about vector fields?




Quantifying TRS Violations

(i) can TRS emerge upon coarse-graining?




Active Microphase Separation: Model A+B

¢ =—-V.J —Tup+ vV2DI'N | 5
p1 = ag + b~ — kKV<9 .
po = p1 + ag

Simplified model of bacterial patterning
Cates et al PNAS 2010; Grafke et al PRL 2018, Li + MEC JSTAT 2000

e diffusive phase separation + population dynamics
e target density inside miscibility gap for B

* steady state: microphase separation



Active Microphase Separation: Model A+B

/fl

¢d=—-V.J —Tu>+V2DICN * fo
J=—-Vui+ vV2DA

p1 = ap + bg> — KV2¢ \

po = p1 + ap

Simplified model of bacterial patterning
Cates et al PNAS 2010; Grafke et al PRL 2018, Li + MEC JSTAT 2000

A, B sectors each passive but with linearly different p, ,
More generally: can make s differ in ¢3 term
can add A, C for Band A’ for A




Active Microphase Separation: Model A+B

¢ =-V.J —Tpx+ V2DI N
J=—-Vu +v2DA

pi1 = ag + bp> — kV2¢

po = p1 + ap

Model shows steady-state fluxes and large EPR:

e birth in dilute zones
e death in dense zones
e currentin between




Emergent TRS

¢ =—-V.J —Tpup+ V2D N
J=-Vu; +vV2DA

pi1 = ag + bp> — kV2¢

po = p1 + ap

Li + MEC JSTAT 2000



Emergent TRS

¢ =-V.J —Tup+ V2D N
J=—-Vui + v2DA

H1 = ao -

- bpS — kY2

H2 — K1 7

-

Grlel =0
Gl ] # 0

@ dynamics (eliminating J) has exact detailed balance with (3D):

F=[ (1) +5(99)?) dr

p(r)o(r')

47|r — 1’|

4+«

Li+ MECJSTAT 2000

e/ IT1/2
e = drdr’

= a passive smectic




Emergent TRS

 TRS can emerge upon eliminating degrees of freedom
 EPR depends on what you choose to watch

* Gives information about TRS breaking for retained variables




Further Results

Suppose Mo =y + o + (b’-b)¢°

Emergence of full TRS on J-elimination is special to b’-b =0

Before elimination

o x (cst + b’-b)D x10-5

2.
+ 1
+ ++ + 7 G 1-
+ t +7
|+ + T
Do )
1
0 0.1 02 03 04 05 (I)
b’-b
—1
X

Li + MEC arXiv 2000




Further Results

Suppose Mo =y + o + (b’-b)¢°

Emergent TRS on J-elimination is special to b’-b =0

After elimination

o «x (b’-b)?D° x1019

A. +
+ . 1
L7
P +++
0 01 02 03 04 05 (I) ] \j
b’-b B
X

Li + MEC arXiv 2000



Further Results

For local scalar Langevin fields (A, B, A+B type, additive noise)

Can express global EPR[¢(x)] in terms of quasipotential V' [¢(x)].

Schematically:

b =G Vp.)+V2ZDIA ¢t =K

EPR = ATK~TA/D >0where A =G + K8V /5¢

* asymmetric dynamics 4 = (true dynamics) — (FDT for given K, V)

* small-noise limit requires only mean-field solution for ¢(x)

Li + MEC arXiv 2000



Quantifying TRS Violations

(ii) what about vector fields?




Active Vector Fields

Flocking models with scalar density and vector polarity

1. Hydrodynamic Vicsek model € Toner-Tu

J =wP
oF
0P +A\P-VP =+

Fip.P) = [ do (0 P)+ 2195 + (VP22 + P- V(. P)

a 1 1 K

(a2, t)ng(2', 1)) = 2D d,p50(x — x")0(t — ')

Borthne, Fodor + MEC NJP 2000



Active Vector Fields

Flocking models with scalar density and vector polarity

2. Diffusive Flocking Model

#:5—
P

J=wP—-7"'Vu +§ (Cal@. )Es(x 1)) = 2D, 0050 (@ — )5 (t — t')

OF
0P+ \P-VP = — +1

Fip.P) = [ do (0 P)+ 2195 + (VP22 + P- V(. P)

a 1 1 K

(a2, t)ng(2', 1)) = 2D d,p50(x — x")0(t — ')

Borthne, Fodor + MEC NJP 2000



Active Vector Fields

Key distinction

1. No noise inJ = wP : polarization must be odd under TR
else P[backward path] =0 : EPR = o0

Borthne, Fodor + MEC NJP 2000



Active Vector Fields

Key distinction

1. No noise inJ = wP : polarization must be odd under TR

else P[backward path] =0 : EPR = o0

2. With noise inJ = wP + ... polarization is even or odd under TR

until specified, the model is undefined for EPR purposes

structural (liquid crystal)
or dynamic (Toner-Tu)?

Borthne, Fodor + MEC NJP 2000



Active Vector Fields

Key distinction

1. No noise inJ = wP : polarization must be odd under TR

else P[backward path] =0 : EPR = o0

2. With noise inJ = wP + ... polarization is even or odd under TR

until specified, the model is undefined for EPR purposes

structural (liquid crystal)
or dynamic (Toner-Tu)?

can be both, for forward paths...
but not remain so upon on TR

Borthne, Fodor + MEC NJP 2000



Active Vector Fields

Key distinction

1. No noise inJ = wP : polarization must be odd under TR

else P[backward path] =0 : EPR = o0

2. With noise inJ = wP + ... polarization is even or odd under TR

until specified, the model is undefined for EPR purposes

related discussions:
Shankar + Marchetti PRE 2018
Dadhichi et al JSTAT 2018

Borthne, Fodor + MEC NJP 2000



Active Vector Fields

Hydrodynamic Vicsek model

B T

il ddd
RERERRR

R
EEEEERR

2 T T 7
C) ./'I
' PL .
1.5 - €r-—mm—m-- - - Pt O R
MPS
A, > a
W 1l Pe(A w) p«ﬁ_, |
PC
./', A>w
05F 7 -
0 | | ]
0 0.5 1 1.5 2

Borthne, Fodor + MEC NJP 2000



Active Vector Fields

Hydrodynamic Vicsek model
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broken symmetry:

GS flucts
isotropic*: D1 0 (PT)
polar liquid: D° T PT

microphase: D PT
polar cluster: D PT

*DO term = 0, non-generic



Active Vector Fields

Diffusive Flocking Model eliminating J N
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Active Vector Fields

Diffusive Flocking Model eliminating J
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Quantifying TRS Violations

How should we understand these scalings?




Active Vector Fields

Summary: EPR as D—0

 D!from broken PT in ground state (steady J, asymmetric waves...)
e DO from broken PT at leading order in fluctuations

D! when PT broken only at next order

* Results depend on whether P even/odd and whether J retained

Borthne, Fodor + MEC NJP 2000



Active Vector Fields

Summary: EPR as D—0

 D!from broken PT in ground state (steady J, asymmetric waves...)
e DO from broken PT at leading order in fluctuations

D! when PT broken only at next order

* Results depend on whether P even/odd and whether J retained

Compare scalar models

Active B/B+: uniform D1, interface D°

Model A+B (u,#u,+ad): uniform D?
nonuniform DO (for ¢ only) , D (for ¢, J)

Borthne, Fodor + MEC NJP 2000



Conclusions

EPR generically calculable for active Langevin fields

EPR has informative scalings in low-noise expansion
D-1: finite dissipation, e.g. macro currents, at mean-field level
DO : finite EPR even as fluctuations become small
D! : equilibrium-like approach to low noise limit

Cause: broken PT at the given order

EPR depends on degrees of freedom retained (e.g. A+B, RG flow)

EPR depends on time-signature of vector fields:
forward equations alone do not determine (ir)reversibility

EPR nontrivial at critical point even in a ‘passive’ universality class
E-(d+2) scaling (d > d.) or new exponent (d < d.) expected

Borthne, Fodor + MEC NJP 2000
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