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The Poland Scheraga model

Model of DNA denaturation
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The Poland Scheraga model

> the contact energy at position i is ¢;
» these contact energies are i.i.d. (quenched disorder)

> the weight of a loop of length n is

€, €, + 06

ZL:Z Z w(ip— i)+ w(ix — ik—1) exp Sttt

k>2 1<ip---<ix—1<L



Phase transition in the Poland Scheraga model
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The free energy F; = log Z; In the thermodynamic limit
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Phase transition in the Poland Scheraga model
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Phase transition in the pure case ¢; = ¢

T. is known

ol1] -0

n>1

» For ¢ > 2 the transition is first order

fo~(Te—T)

» For 1 < ¢ < 2 the transition is second order

fo ~ (Te— T)e1

2c —3

= Specific heat exponent | (pyre = 1
C J—

Fisher 1984



Solution of the pure case ¢; = €

m
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ZL :w( 2B€+e BEZW ZL_g
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Generating functions

e—Z,Be
Q) =Y w(@) A ZL:ZL)\L = 1?(?2)@)65

1 G+ G- )Tt for
win) ~ 2o = Q(A)*{ G+ G(L—N)+GCL—N 1+ for



Some results in the disordered case

The irrelevant case  apye <0 = Qgisorder = Qpure

Harris 1974, Alexander, Giacomin, Lacoin, Toninelli , - -- since 2008

The transition is always smooth = Qgisorder < 0

Giacomin - Toninelli 2006

apure = 0 is marginal relevant

Derrida - Hakim - Vannimenus 1992
Giacomin - Lacoin - Toninelli 2010 , Berger - Lacoin 2018

Strong disorder : infinite order transition

1/2 Tang-Chaté 2001

foo ~exp[=K(Tc = T)™"] with v :{ 1 Monthus 2017



The hierarchical lattice Derrida - Hakim - Vannimenus 1992
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> L = 2”
» all loops have lengths 2K with k =0,1,2,3,---
> 2§ = e [-9]
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The hierarchical lattice Derrida - Hakim - Vannimenus 1992

I~ N

> L = 2”
» all loops have lengths 2K with k =0,1,2,3,---
> 2§ = e [-9]

zVzP + b1

Lo = b
log Z
fro = lim —2-L
n—o0o
fso > 0 is the pinned phase ; f~ = 0 is the unpinned phase

log2 + 2log(b—1) —2log b
re — for b 2
Gpure log2 + log(b—1) — log b (for b>2)




Some results in the disordered case

The irrelevant case  apure <0 = Qudisorder = Qpure
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The transition is always smooth = Qgisorder < 0

Giacomin - Toninelli 2006

Qpure = 0 is marginal relevant
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Strong disorder : infinite order transition
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Some results in the disordered case

The irrelevant case  apyre <0 =
Harris 1974, Alexander, Giace

The transition is alwg

Tang-Chaté 2001
Monthus 2017



The hierarchical lattice (X, = log Z>n)

zMzP v h-1

K1 =€ (X"(I) + Xn(z)) = Zy= b

with
b

G(X) = X + log <1+(b1)e‘x)



The hierarchical lattice (X, = log Z>n)

zMzP 1 p-1

Xpp1=G (xn(” + X,(,z)) e Zy=

b
with N
1+(b—1)e”
G(X) = X + log <+(b)e)
The toy model
G(X)°
WL
5L
X1 = G (Xn(” + xn(z)) '
1+
with Sl
b
G(X) = max(X, —a) _j . ‘ ‘ ‘ ‘ ‘ ‘
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The toy model



The toy model

Two ingredients:
» Start with an infinite sequence i.i.d. random variables

Xél) Xéj)m
distributed according to a distribution Py(X).

» A non-linear function G to iterate these variables

(7) (2)
X(J)1 _ G( X&) _|_X(21)) \ /

Xn+1



The toy model

Two ingredients:
» Start with an infinite sequence i.i.d. random variables

Xél) Xéj)---
distributed according to a distribution Py(X).

» A non-linear function G to iterate these variables

(7) (2)
X(J)1 _ G( X&) _|_X(21)) \ /

Xn+1
Interpretation:

System size L = 2" ; Free energy logZ, = X,

Main question:

What is Y = lim £z

2”_f



The toy model

Collet - Glaser - Eckmann - Martin 1984

N/ N/ \/ \ /

(1) &) 3) 4)
X s X X o X oo

NN
\ /

X1 = max[ XV 4+ X&) — 1 0]



Main question

X1 = max[X,Sl) +xP _q , 0]

What is the limit Y of %

PO(X) = 6X,u
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Main question

Xni1 = max[ X + X2 — 1, 0]

What is the limit Y of %

Pure

Po(x) = (1=X) 6x + Adx_p

/

e u

Y

Disordered



Renormalization

Xpi1 = max[ XV + X2 —1 0]

n

Exact renormalization (special case X, are integers)

Po(x) is given : P, —  Pp

Define the generating function H,,(Z) = ZX P,,(X) zX

z)? — H,(0)?

V4

Hya(2) = Pl £ Hy(0Y



A few facts
Xoi1 = max[ XY+ xP — 1, 0]

Hn(z)? — H,(0)?

V4

Hny1(2) = + Hn(0)2

> A phase transition
Collet - Glaser - Eckmann - Martin 1984
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A few facts
Xps1 = max[ X+ xP —1, 0]

Hni1(z) =

> A phase transition
Collet - Glaser - Eckmann - Martin 1984

RX)
Ho(z) =1 — X+ \z?
For example 1A 1
| X = Ac = 5
0 2 X

» A one parameter family of fixed points
» None of them is accessible

> A phase transition of the Berezinski Kosterlitz Thouless type



The critical behavior

_ X
Xn+1 = max[X,(,l) + X,(,2) —1,0] Hi(2) = ZX: Pn(X)z

A phase transition given by |2H'(2) — H(2) =0

Collet - Glaser - Eckmann - Martin 1984
RX)

Ho(z) =1— A+ Az? = Ae = =
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The critical behavior

_ X
Xn+1 = max[X,(,l) + X,(,2) —1,0] Hi(2) = ZX: Pn(X)z

A phase transition given by |2H'(2) — H(2) =0

Collet - Glaser - Eckmann - Martin 1984
RX)

Ho(z) =1— A+ Az? = Ae = =

2H'(2) — H(2) ~ XA — Ac

2H'(2) — H(2) < 0
(Xn)

lim —0
n—o0




The critical behavior

X1 = max[ XY + %2 —1, 0]

A phase transition given by |2H'(2) — H(2) =0

RX

2H'(2) — H(2) < 0

lim
n—o0

(Xn)

Ho(z) =1 — A+ A\z? —

—0

Ha(2) =) Pa(X)z*
X

Collet - Glaser - Eckmann - Martin 1984

2H'(2) — H(2) ~ XA — Ac

2H'(2) — H(2) > 0

Xn A
m o P |

\/)\_)\c

|

D. = Retaux 2014




An essential singularity 7

n—oo

RX)
-2
A
0 2 X
1
Ae ==
5

lim <)2<> ~ exp [—AAAJ = <|og <X”>>_2 o (A= Ao)

2”

0 L L L L L L L L L
019 02 021 022 023 024 025 026 027 028 029

-2
(Iog <)2<—”>> versus A



A power law singularity 7

<)2<,'7’> x(A=X)X & log <)2<,'77> ~ x log(A = Ac)

1 1
-6.5 -6 =55 -5 -4.5 -4 -3.5 -3 2.5

_45 1 1 1 1 1

log @ versus log(A — ()



Chen - Dagard - Derrida - Hu - Lifshits - Shi 2021
Initial distribution Po(X) = (1 — A)éx + AQ(X)

C

Particular case:  Q(X) ~ o 2%

> If Q(X) decays fast enough (v > 4) then Ac > 0 and

lim (Xn) e 1
| = e&X _——
n 2n p (A B AC)%Jro(l)

» If 2 <~y <4then \c >0

lim Xo) _ e SR N ith v = b
|n on Xp ()\_ /\C)V+O(1) with v = 5

» If v <2 then A\ =0 (because H'(2) = o0)



The critical Regime

Derrida - Retaux 2014
P,(X)=2"X e R(eX,en) for X >0

and

Pa(0) =1— ZXZI Pn(X)



The critical Regime

Derrida - Retaux 2014
P,(X)=2"X e R(eX,en) for X >0

and

Pa(0) =1— ZXZI Pn(X)

then one can show that for € small

OR(x,T) _ OR(x,7) 1

5, Ee + 2/0 R(x1,7) R(x — x1,7) dxq




The critical Regime

Derrida - Retaux 2014
P,(X)=2"X e R(eX,en) for X >0

and

Pa(0) =1— ZXZI Pn(X)

then one can show that for € small

OR(x,T) _ OR(x,7) 1

5, Ee + 2/0 R(x1,7) R(x — x1,7) dxq

Still a difficult problem

Criticality

/R(X,T) XdX = 1
0



OR(x,T) _ OR(x,T)

or

Ox

1

2

/0 R(x1,7) R(x — x1,7) dxq




aR(X,T) _ aR(X,T) +1/ R(X].?T) R(X_X].?T) Xm
0

or Ox 2
For
R(x,7) = A(1) exp[—B(7)x]
one gets
dA(T) B dB(1) B A(T)
dr —B(T)A(T) dr 2

Berezinsky Kosterlitz Thouless renormalization



OR(x,7) OR(x,T) 1 [~
g = pe 2/0 R(x1,7) R(x — x1,7) dxq
For
R(x,7) = A(1) exp[—B(7)x]
one gets
dA(T) B dB(1) B A(T)
Vo san o O A

Berezinsky Kosterlitz Thouless renormalization

R(x,T)

—4

k2

sin(k(T + 710))? &

2k x
P tan(k(T + 70))

(k — 0 is the critical case)




Other solutions

OR(x,7) OR(x,7) 1

- — Ox + 2/0 R(x1,7) R(x — x1,7) dxg

Physical solutions

with




The critical manifold

Cell Exterior

Cell Interior
B Polar Head

—

@ Phospholipids.

}C
}D @ Lipid Bilayer
Jc

@ Hydrophilic

E cholesterol
Hydrophobic

Nonpolar Tail

Polar Head ...

| H

The Cell Membrane
@ cholesteroi Molecule ..E
@ integral Protein ..
@ reripheral Protein ...

@ cCytoskeleton
Fllaments i H

A
lipid

bilayer

@ Alpha Helix Protein
.F @ Glycoprotein .
.G @ carbohydrate ...

= oo

DA



Other solutions

IOR(x,7) _OR(x,7) /1 [*
o O + 2/0 R(x1,7) R(x — x1,7) dxi

Scaling solutions along the critical manifold ([ R(X) X dX =1)

S0

Then G should satisfy
1 X
(1+x)G'(x) +2G(x) + 5/ G(x1) G(x —x1) dx1 =0
0

> G(z)=4e2



Other solutions

IOR(x,7) _OR(x,7) /1 [*
o O + 2/0 R(x1,7) R(x — x1,7) dxi

Scaling solutions along the critical manifold ([ R(X) X dX =1)

R= t2 G (t)
Then G should satisfy
1 X
(1+x)G'(x) +2G(x) + 5/ G(x1) G(x —x1) dx1 =0
0

> G(z)=4e2

> Other scaling solution for 2 < v < 4 : G(O) = 7(7_2)
Taking the the Laplace transform H(p) = [ G(z) e Pzdz

H(p) — pH'(p) + pH(p) + EH(/D)2 ~G(0)=0

This is a non-linear equation!



OR(x,7)  OR(x,T)

or Ox

1

2

/ R(x1,7) R(x — x1,7) dx
0

Introducing a function y(p) such that

H(p)=-1-p—ip

then y is solution of

p’y" + py' + (p2 —

So y(p) is a Bessel function !

G(x) ~x77

for

H(p) = /000 G(z)e P*dz

y'(ip/2)
y(ip/2)

X — 00



Open questions

> X, real, half integer

Xos1 = max[ XY + X2 —1, 0]

> Analysis of
OR(x,7) OR(x,7) 1 [*
5 = ox + 2/0 R(x1,7) R(x — x1,7) dxq
» Convolution 2 — Convolution 3 :

2<v<4 becomes 15<~vy<26

v

Going back to the hierarchical model

X = 6(XED 1 X))

v

Going back to the Poland Scheraga model

Other tree models with B. K. T. transition

v



