
IRS Paris January 25, 2023

Free probabilities in action: the spectral method for phase retrieval
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Phase Retrieval

Let an unknown vector x ∈ RN be “probed” with T vectors ak,

yk = |aT
kx|2 with k = 1, · · · , T

Vectors x and ak are real or complex.

x̂ = argmin
x

(∑
k

∣∣∣|aT

kx|
2 − yk

∣∣∣2) . (1)

Gradient descent needs a good starting point

Problem is phase invariant (ak → −ak), a linear method cannot work.

Use the phase invariant projectors aka
T
k



Spectral Method

K =
1

T

T∑
k=1

f(yk) aka
T

k , (2)

GK(z) = (z1−K)−1 =
N∑
ℓ=1

vℓv
T
ℓ

z − λℓ
(3)

Rotational Invariance, assume x = e1

K =

 c1 wT

w M

 , (4)

[GK(z)]11 =
1

z − c1 −wTGM(z)w
(5)

λ1 = c1 +wTGM(λ1)w ≡ h(λ1) (6)



Overlap with Largest Eigenvector

[GK(z)]11 =
1

z − h(z)
(7)

ϱ :=
|vT

1x|
2

|x|2
= |vT

1e1|
2 = lim

z→λ1

z − λ1
z − h(z)

. (8)

ϱ =
1

1− h′(λ1)
with λ1 = h(λ1) (9)



Computing h(z)

c1 =
1

T

T∑
k=1

f(yk)([ak]1)
2 T→∞→

〈
f(y)([a]1)

2
〉
. (10)

wTGM(z)w =
T∑

k,ℓ=1

1

T 2
f(yk)f(yℓ)[ak]1[aℓ]1

N∑
i,j>1

[ak]i[GM(z)]ij[aℓ]j

=
T∑

k=1

1

T 2
f 2(yk)([ak]1)

2

N∑
i,j>1

[ak]i[GM(z)]ij[ak]j (11)

T→∞→ qτ

(
HD1H

T

T
GM(z)

)
, q = N/T, [H]ik = [ak]i i > 1 (12)

h(z) = c1 + qτ (M1GM(z)) (13)

M =
1

T
HD0H

T M1 =
1

T
HD1H

T [D0]kk = f(yk) [D1]kk = f 2(yk)([ak]1)
2 (14)



Free Probabilities

C = A+B or C = A1/2BA1/2 (15)

RC(g) = RA(g) +RB(g) or SC(t) = SA(t)SB(t) (16)

when A and B are free.

Large random matrices are free if their eigenvectors are unrelated. In particular if say B is a rotationally

invariant matrix independent of A.

TA(z) = A(z1−A)−1 tA(z) = τ (TA(z)) (17)

SA(t) =
t+ 1

tzA(t)
(18)



Subordination Relations

C = A1/2BA1/2 (19)

tC(z) = tA (SB(tC(z))z) (20)

E [TC(z)]B = TA (SB(tC(z))z) (21)

or more explicitly

E
[
C(z1−C)−1

]
B
= A(Z(z)1−A)−1 Z(z) = SB(tC(z))z (22)



Wishart Matrices

W =
1

T
HHT with q = N/T (23)

SW(t) =
1

1 + qt
⇐⇒ zt = (t+ 1)(1 + qt) (24)

Colored Wisharts

EC = C1/2WC1/2 and EΣ =
1

T
HΣHT (25)

tEC
(z) = tEC

(
z

1 + qtEC
(z)

)
and qtEΣ

(z) = tEC

(
z

q + qtEΣ
(z)

)
(26)

E
[
EC(z1− EC)

−1
]
W

= C(Z(z)1−C)−1 with Z(z) =
z

1 + qtEC
(z)

(27)



Back to Phase Retrieval

1

N
Tr

(
HD1H

T

T

(
z1− HD0H

T

T

)−1
)

=
1

N
Tr (D1F(z)) , (28)

F(z) =
1

T
HT

(
z1− HD0H

T

T

)−1

H

=
∞∑
n=0

1

zn+1

1

T
HT

(
HD0H

T

T

)n

H

= D
−1/2
0

[
M̃
(
z1− M̃

)−1
]
D

−1/2
0 with M̃ := qD

1/2
0 HHTD

1/2
0 /N. (29)

E [F(z)] = D
−1/2
0

[
qD0

(
z

1 + q̃tM̃(z)
1− qD0

)−1
]
D

−1/2
0 . (30)

Note that q̃tM̃(z) = tM(z)



Phase Retrieval Subordination Relation

h(z) = c1 +
1

T
Tr
(
D (Z(z)1− qD0)

−1) (31)

h(z) =

〈
a2f(y)

Z(z)− f(a2)

〉
, (32)

Z(z) =
z

q + qtM(z)
(33)

qtM(z) = tD0(Z(z)) (34)

=

〈
f(y)

Z(z)− f(a2)

〉
. (35)



Parametric solution

ϱ =
1

1− h′(λ1)
with λ1 = h(λ1) (36)

3 equations for 3 unknowns (λ1,h and Z). Eliminate λ1, work with Z(λ1) ≡ Z

λ1 = h(λ1) = Z(λ1)(q + qtM(z)) ≡ ψq(Z) (37)

h(Z) =

〈
a2f(y)

Z − f(a2)

〉
, ψq(Z) = q +

〈
f(y)

Z − f(a2)

〉
(38)

ϱ =
ψ′
q(Z)

ψ′
q(Z)− h′(Z)

with ψq(Z) = h(Z) (39)



Explicit Results in the noiseless case (y = a2)

For f(y) = Θ(y − 1):

ϱ = 1− m1q

(c2 −m1)2 + (c2 −m1)q
q < q∗, (40)

Luo, Alghamdi and Lu have shown that f(y) = 1− 1/y is optimal for all q. In this case

q(Z) =

√
π

2
Z2

e
1

2(Z−1) erfc
(
1/
√

2(Z − 1))
)

(Z − 1)5/2
− Z

(Z − 1)2
, ϱ(Z) =

Z − 1

Z
. for Z > 1 (41)



Theory vs Numerical simulations
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