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Q: how do we manipulate periodically driven systems? 

Floquet 
systems

nonequilibrium systems

equilibrium systems



Floquet theory

๏ Floquet (1883) ,   linear &  ·ψ(t) = − iH(t)ψ(t) H(t + T ) = H(t)

Marín Bukov mpipks (Dresden)
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phase space



Floquet theory

๏ Floquet (1883) ,   linear &  ·ψ(t) = − iH(t)ψ(t) H(t + T ) = H(t)

ψ(t) = P(t) exp(−itHF[0]) ψ(0)

micromotion

P(t) = P(t + T )

Floquet Hamiltonian,

time-independent

effective object (!) 
does not exist w/o drive
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theorem:
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๏ Floquet (1883) ,   linear &  ·ψ(t) = − iH(t)ψ(t) H(t + T ) = H(t)

ψ(t) = P(t) exp(−itHF[0]) ψ(0)

micromotion

P(t) = P(t + T )
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time-independent
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 not unique (!)HF

van der Pol oscillator

HF[0] = P†(t)H(t)P(t) − P†(t)i∂tP(t) distinct rotating frame

experts

physical meaning:

theorem:

issue: quasi-energy not ordered (“no Floquet ground state”)
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van der Pol oscillator

P(t) |nF[0]⟩ = |nF[t]⟩ ≠ |nF(t)⟩ = P(t)e−itHF |nF[0]⟩ = e−itε(n)
F |nF[t]⟩

instantaneous  evolved≠

: independent of εF t0

๏ Floquet gauge HF[t0] = P(t0)HF[0]P†(t0) |nF[t0]⟩ = P(t0) |nF[0]⟩

๏ Floquet eigenvalue problem HF |nF⟩ = ε(n)
F |nF⟩

quasi-energy: defined up to εF → εF + mωFloquet states
 not unique (!)HF

HF[0] = P†(t)H(t)P(t) − P†(t)i∂tP(t)

experts

distinct rotating frame

phase of drive: H(t − t0)

physical meaning:

theorem:



How do we find  ?HF
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Floquet theorem

U(T,0) = 𝒯 exp (−i∫
T

0
dtH(t)) = exp(−iTHF)

๏ solve Schrödinger equation

‣ exact solutions: limited (circular drives, harmonic oscillators, etc.)

‣ in general: compute time-ordered exponentials  special functions→
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U(T,0) = 𝒯 exp (−i∫
T

0
dtH(t)) = exp(−iTHF)

‣ ansatz: HF =
∞

∑
n=0

H(n)
F , H(n)

F ∝ ω−n

H(0)
F =

1
T ∫

T

0
dtH(t)

H(1)
F =

1
2!Ti ∫

T

0
dt1 ∫

t1

0
dt2 [H(t1), H(t2)]

๏ solve Schrödinger equation

‣ exact solutions: limited (circular drives, harmonic oscillators, etc.)

‣ in general: compute time-ordered exponentials  special functions→

Goldman et al, PRX (2014)

Eckardt, Rev. Mod. Phys. (2017)
MB et al, Adv. Phys. (2015)

๏ inverse-frequency expansions (Magnus, van Vleck, etc.)
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๏ solve Schrödinger equation

‣ exact solutions: limited (circular drives, harmonic oscillators, etc.)

‣ in general: compute time-ordered exponentials  special functions→

origin:  is non-local:HF HF = ∑
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e’state projector

Goldman et al, PRX (2014)
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๏ inverse-frequency expansions (Magnus, van Vleck, etc.)
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Q: other approaches to describe Floquet systems? 

H(0)
F =

1
T ∫

T

0
dtH(t)

H(1)
F =

1
2!Ti ∫

T

0
dt1 ∫

t1

0
dt2 [H(t1), H(t2)]

‣ limitation: has finite radius of convergence / asymptotic series

‣ fails to capture energy absorption (Floquet resonances)

Marín Bukov mpipks (Dresden)

Goldman et al, PRX (2014)

Eckardt, Rev. Mod. Phys. (2017)
MB et al, Adv. Phys. (2015)

๏ solve Schrödinger equation

‣ exact solutions: limited (circular drives, harmonic oscillators, etc.)

‣ in general: compute time-ordered exponentials  special functions→

HF = ∑
n

ε(n)
F |nF⟩⟨nF | ⟶ ∑

n

ε(n)
F |nF⟩⟨nF |+ω |mF⟩⟨mF | = H′ F

e’state projector

origin:  is non-local:HF



❖ Floquet theory follows from the adiabatic theorem

Geometric Floquet theory 
(take-home messages)
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❖ Floquet theory follows from the adiabatic theorem

❖ geometric phase captures inherently nonequilibrium phenomena

Marín Bukov mpipks (Dresden)

❖ dynamical phase defines a unique Floquet ground state

‣ alternative decomposition of dynamics: geometric & dynamical phases 

-modes in Floquet  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PM Schindler and MB, arXiv: 2410.07029

‣ guaranteed by parallel-transport gauge and the adiabatic limit
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• Applications
‣ heating, discrete time crystals
‣ variational principle for Floquet Hamiltonian

PM Schindler and MB, arXiv: 2410.07029
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Adiabatic driving

๏ adiabatic theorem

‣ gapped e’state  H(λ) |n[λ]⟩ = ε(λ) |n[λ]⟩

Landau Zener problem
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control parameter �

ε(λ)

‣ adiabatic limit: ·λ → 0, T → ∞, ·λT → const.
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Adiabatic driving

๏ adiabatic theorem
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‣ gapped e’state  H(λ) |n[λ]⟩ = ε(λ) |n[λ]⟩

Landau Zener problem
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control parameter �
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‣ adiabatic limit: ·λ → 0, T → ∞, ·λT → const.

ϕn(t) = ∫
t

0
ds ε(λ(s))

γn(t) = ∫
λ(t)

λ(0)
dλ ⟨n[λ] | i∂λ |n[λ]⟩

Marín Bukov mpipks (Dresden)

Berry, Proc. R. Soc. Lond. A39245–57 (1984)

|n(t)⟩ = 𝒯 exp (−i∫
t

0
dsH(λ(s))) |n[0]⟩ → e−iϕn(t)e−iγn(t) |n[λ(t)]⟩

path-independent

evolved state instantaneous state



Counterdiabatic driving

๏ breakdown of adiabatic evolution away from adiabatic limit

‣ get rid of excitations by applying a counter-force

‣ shortcut to adiabaticity

Marín Bukov mpipks (Dresden)

Sels and Polkovnikov, PNAS 114 (2017)

Kolodrubetz et al., Phys. Reports (2017)Čepaitė et al, PRX Quantum 4, 010312 (2023) + more
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๏ breakdown of adiabatic evolution away from adiabatic limit

๏ counterdiabatic (CD) driving

‣ get rid of excitations by applying a counter-force

HCD(λ) = H(λ) + ·λ𝒜λ

‣ shortcut to adiabaticity

Marín Bukov mpipks (Dresden)

Sels and Polkovnikov, PNAS 114 (2017)

๏ identify cause of excitations

‣ co-moving frame Hamiltonian: Hco−mov = U†HU − ·λU†i∂λU = Dλ − ·λ�̃�λ

‣ diagonalizing unitary: U†(λ)H(λ)U(λ) = Dλ

diagonal,

no excitations

adiabatic gauge potential (AGP)

creates all excitations
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Counterdiabatic driving

๏ breakdown of adiabatic evolution away from adiabatic limit

๏ counterdiabatic (CD) driving

‣ get rid of excitations by applying a counter-force

HCD(λ) = H(λ) + ·λ𝒜λ

‣ shortcut to adiabaticity

Marín Bukov mpipks (Dresden)

Sels and Polkovnikov, PNAS 114 (2017)

๏ identify cause of excitations

‣ co-moving frame Hamiltonian: Hco−mov = U†HU − ·λU†i∂λU = Dλ − ·λ�̃�λ

‣ diagonalizing unitary: U†(λ)H(λ)U(λ) = Dλ

diagonal,

no excitations

adiabatic gauge potential (AGP)

creates all excitations

• Berry connection: A(n)
λ = ⟨n[λ] |𝒜 |n[λ]⟩

• Berry phase: γ = ∮C
A(n)

λ ⋅ dλ • Berry curvature: F(n)
μν = ∂μA(n)

ν − ∂νA(n)
μ

• geometric tensor: g(n)
μν = ⟨n[λ] |𝒜μ𝒜ν |n[λ]⟩c

Kolodrubetz et al., Phys. Reports (2017)Čepaitė et al, PRX Quantum 4, 010312 (2023) + more



Gauge potential

Marín Bukov mpipks (Dresden)

experts

๏ AGP not unique: U(1) gauge freedom

‣ re-phase e’state:               |n[λ]⟩ ↦ eiχn(λ) |n[λ]⟩ ⟨n |𝒜λ |n⟩ → ⟨n |𝒜λ |n⟩ − ∂λ χn

Berry connection not gauge invariant!

‣ CD Hamiltonian not unique:

𝒜λ ↦ 𝒜′ λ = 𝒜λ − ∑
n

∂λ χn(λ) |n[λ]⟩⟨n[λ] |

HCD ↦ H′ CD = H + ·λ𝒜′ λ



Gauge potential

Marín Bukov mpipks (Dresden)

๏ Kato potential: parallel-transport gauge 𝒜K = 𝒜λ − ∑
n

⟨n |𝒜λ |n⟩ |n⟩⟨n |

𝒜λ ↔ i∂λ

𝒜K ↔ iDλ
covariant derivative

Kato, J. Phys. Soc. Jpn. 345-439 (1950)

experts

๏ AGP not unique: U(1) gauge freedom

‣ re-phase e’state:               |n[λ]⟩ ↦ eiχn(λ) |n[λ]⟩ ⟨n |𝒜λ |n⟩ → ⟨n |𝒜λ |n⟩ − ∂λ χn

Berry connection not gauge invariant!

‣ CD Hamiltonian not unique: HCD ↦ H′ CD = H + ·λ𝒜′ λ

𝒜λ ↦ 𝒜′ λ = 𝒜λ − ∑
n

∂λ χn(λ) |n[λ]⟩⟨n[λ] |

derivative



Gauge potential

Marín Bukov mpipks (Dresden)

๏ AGP not unique: U(1) gauge freedom

‣ re-phase e’state:               |n[λ]⟩ ↦ eiχn(λ) |n[λ]⟩ ⟨n |𝒜λ |n⟩ → ⟨n |𝒜λ |n⟩ − ∂λ χn

Berry connection not gauge invariant!

‣ CD Hamiltonian not unique:

|n(t)⟩ = 𝒯 exp (−i∫
t

0
ds H(λ(s))) |n(0)⟩ → eiϕn(t)eiγn(t) |n[λ(t)]⟩

adiabatic limit

|n(t)⟩ = 𝒯 exp −i∫
t

0
ds

=HCD

H(λ(s)) + ·λ𝒜K(λ(s)) |n(0)⟩ = eiϕn(t)eiγn(t) |n[λ(t)]⟩
CD driving

‣ unique: CD driving reproduces adiabatic phases

experts

evolved state  instantaneous stateei phase≈
=

๏ Kato potential: parallel-transport gauge 𝒜K = 𝒜λ − ∑
n

⟨n |𝒜λ |n⟩ |n⟩⟨n |

𝒜λ ↦ 𝒜′ λ = 𝒜λ − ∑
n

∂λ χn(λ) |n[λ]⟩⟨n[λ] |

HCD ↦ H′ CD = H + ·λ𝒜′ λ

Kato, J. Phys. Soc. Jpn. 345-439 (1950)



✓ Floquet theory of periodically driven systems

✓ Adiabatic evolution
‣ adiabatic gauge potentials

‣ counterdiabatic driving

Outline

Marín Bukov mpipks (Dresden)

• Geometric Floquet theory
‣ Floquet theory as a shortcut to adiabaticity

‣ quasienergy folding

‣ the Floquet ground state

• Applications
‣ heating, discrete time crystals
‣ variational principle for Floquet Hamiltonian

PM Schindler and MB, arXiv: 2410.07029



Floquet theory as a shortcut to adiabaticity

๏ Floquet’s theorem:

HF[t] = H(t) − i∂tP(t)P†(t) :

AGP w.r.t. time / phase of drive

𝒜F(t) = i∂tP(t)P†(t)

HF[0] = P†(t)H(t)P(t) − P†(t)i∂tP(t)

Marín Bukov mpipks (Dresden)

HF[t] = P(t)HF[0]P†(t)
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Marín Bukov mpipks (Dresden)

relation between CD driving  
and Floquet physics

HF[t] = P(t)HF[0]P†(t)

H(t) = HF[t] + 𝒜F(t)
 is the CD Hamiltonian for H(t) HF[t]



Floquet theory as a shortcut to adiabaticity

๏ Floquet’s theorem:

‣ check:

HF[t] = H(t) − i∂tP(t)P†(t) :

AGP w.r.t. time / phase of drive

𝒜F(t) = i∂tP(t)P†(t)

HF[0] = P†(t)H(t)P(t) − P†(t)i∂tP(t)

Marín Bukov mpipks (Dresden)

relation between CD driving  
and Floquet physics

HF[t] = P(t)HF[0]P†(t)

|nF(t)⟩ = 𝒯e−i ∫t
0 dsH(s) |nF(0)⟩ = P(t)e−itHF |nF(0)⟩ = e−itε(n)

F P(t) |nF[0]⟩ = e−itε(n)
F |nF[t]⟩

H(t) = HF[t] + 𝒜F(t)
 is the CD Hamiltonian for H(t) HF[t]

evolved state =  instantaneous stateei phase



๏ given drive , finding AGP  determines Floquet Hamiltonian H(t) 𝒜F(t) HF[t]

Floquet theory as a shortcut to adiabaticity

๏ Floquet’s theorem:

‣ check:

HF[t] = H(t) − i∂tP(t)P†(t) :

AGP w.r.t. time / phase of drive

𝒜F(t) = i∂tP(t)P†(t)

‣ variational principle for  gives nonperturbative approximation to 𝒜F(t) HF[t]

HF[0] = P†(t)H(t)P(t) − P†(t)i∂tP(t)

Marín Bukov mpipks (Dresden)

relation between CD driving  
and Floquet physics

HF[t] = P(t)HF[0]P†(t)

|nF(t)⟩ = 𝒯e−i ∫t
0 dsH(s) |nF(0)⟩ = P(t)e−itHF |nF(0)⟩ = e−itε(n)

F P(t) |nF[0]⟩ = e−itε(n)
F |nF[t]⟩

H(t) = HF[t] + 𝒜F(t)
 is the CD Hamiltonian for H(t) HF[t]

evolved state =  instantaneous stateei phase



❖ Floquet’s theorem: special case of the Adiabatic theorem

Marín Bukov mpipks (Dresden)

‣   generates adiabatic evolution w.r.t. the states of HCD = H(t) = HF[t] + 𝒜F(t) HF[t]

๏ adiabatic theorem (in counterdiabatic form) for :λ =̂ t



❖ Floquet’s theorem: special case of the Adiabatic theorem

๏ adiabatic theorem (in counterdiabatic form) for :λ =̂ t

‣ co-moving frame:  , i.e., no excitations:H̃(t) = H̃F[t]

Marín Bukov mpipks (Dresden)

‣   generates adiabatic evolution w.r.t. the states of HCD = H(t) = HF[t] + 𝒜F(t) HF[t]

Ũ(t,0) = exp(−itH̃F[0])

Floquet rotating frame is the co-moving frame for  w.r.t. timeHF



❖ Floquet’s theorem: special case of the Adiabatic theorem

‣ co-moving frame:  , i.e., no excitations:H̃(t) = H̃F[t]

recover Floquet’s theorem

Marín Bukov mpipks (Dresden)

‣   generates adiabatic evolution w.r.t. the states of HCD = H(t) = HF[t] + 𝒜F(t) HF[t]

Ũ(t,0) = exp(−itH̃F[0])

‣ evolution in lab frame: U(t,0) = 𝒯 exp (−i∫
t

0
𝒜F(s)ds) exp(−itHF[0])

= P(t) exp(−itHF[0])

Floquet rotating frame is the co-moving frame for  w.r.t. timeHF

๏ adiabatic theorem (in counterdiabatic form) for :λ =̂ t

for general proof: PM Schindler and MB, arXiv: 2410.07029



Quasienergy folding: a new perspective

Marín Bukov mpipks (Dresden)

‣ recall: quasienergies defined up to integer multiple of drive frequency: ,  ε(n)
F + mω m ∈ ℤ

quasienergy 

spectrum

ε(n)
F

  H(t) = HF[t] + 𝒜F(t)   UF = exp(−iTHF)



Quasienergy folding: a new perspective

Marín Bukov mpipks (Dresden)

‣  gauge: U(1)

‣ recall: quasienergies defined up to integer multiple of drive frequency: ,  ε(n)
F + mω m ∈ ℤ

quasienergy 

spectrum

ε(n)
F

    ;     |nF[t]⟩ ↦ eiχ(t) |nF[t]⟩ ⟨nF |𝒜F |nF⟩ ↦ ⟨nF |𝒜F |nF⟩ − ∂t χ

    H(t) = HF[t] + 𝒜F(t) ↦ HF[t] − ∑
n

∂t χn(t) |nF[t]⟩⟨nF[t] | + 𝒜F(t)



Quasienergy folding: a new perspective

Marín Bukov mpipks (Dresden)

‣  gauge: U(1)

‣ recall: quasienergies defined up to integer multiple of drive frequency: ,  ε(n)
F + mω m ∈ ℤ

‣ impose periodicity :|nF[t + T ]⟩ = |nF[t]⟩ χ(t) = mωt + ∑
ℓ

aℓ sin(ℓωt)

quasienergy 

spectrum

ε(n)
F

∂t χ = mω + ∑
ℓ

ℓωaℓ cos(ℓωt)

    H(t) = HF[t] + 𝒜F(t) ↦ HF[t] − ∑
n

∂t χn(t) |nF[t]⟩⟨nF[t] | + 𝒜F(t)

    ;     |nF[t]⟩ ↦ eiχ(t) |nF[t]⟩ ⟨nF |𝒜F |nF⟩ ↦ ⟨nF |𝒜F |nF⟩ − ∂t χ



Quasienergy folding: a new perspective

Marín Bukov mpipks (Dresden)

‣  gauge: U(1)

‣ recall: quasienergies defined up to integer multiple of drive frequency: ,  ε(n)
F + mω m ∈ ℤ

‣ quasienergies are time-independent:  aℓ = 0

‣ impose periodicity :|nF[t + T ]⟩ = |nF[t]⟩ χ(t) = mωt + ∑
ℓ

aℓ sin(ℓωt)

quasienergy 

spectrum

ε(n)
F

∂t χ = mω + ∑
ℓ

ℓωaℓ cos(ℓωt)

    H(t) = HF[t] + 𝒜F(t) ↦ HF[t] − ∑
n

∂t χn(t) |nF[t]⟩⟨nF[t] | + 𝒜F(t)

    ;     |nF[t]⟩ ↦ eiχ(t) |nF[t]⟩ ⟨nF |𝒜F |nF⟩ ↦ ⟨nF |𝒜F |nF⟩ − ∂t χ

ε(n)
F ↦ ε(n)

F − ∂t χn(t)



Quasienergy folding: a new perspective

Marín Bukov mpipks (Dresden)

‣  gauge: U(1)

‣ recall: quasienergies defined up to integer multiple of drive frequency: ,  ε(n)
F + mω m ∈ ℤ

‣ quasienergies are time-independent:  aℓ = 0

‣ leftover gauge freedom:     folding∂t χ = mω ⇒

‣ impose periodicity :|nF[t + T ]⟩ = |nF[t]⟩ χ(t) = mωt + ∑
ℓ

aℓ sin(ℓωt)

quasienergy 

spectrum

ε(n)
F

∂t χ = mω + ∑
ℓ

ℓωaℓ cos(ℓωt)

    H(t) = HF[t] + 𝒜F(t) ↦ HF[t] − ∑
n

∂t χn(t) |nF[t]⟩⟨nF[t] | + 𝒜F(t)

    ;     |nF[t]⟩ ↦ eiχ(t) |nF[t]⟩ ⟨nF |𝒜F |nF⟩ ↦ ⟨nF |𝒜F |nF⟩ − ∂t χ

ε(n)
F ↦ ε(n)

F − ∂t χn(t)



Quasienergy folding: a new perspective

Marín Bukov mpipks (Dresden)

‣ periodicity breaks gauge group: U(1) → ℤ

‣  gauge: U(1)

‣ recall: quasienergies defined up to integer multiple of drive frequency: ,  ε(n)
F + mω m ∈ ℤ

‣ quasienergies are time-independent:  aℓ = 0

‣ impose periodicity :|nF[t + T ]⟩ = |nF[t]⟩ χ(t) = mωt + ∑
ℓ

aℓ sin(ℓωt)

quasienergy 

spectrum

ε(n)
F

∂t χ = mω + ∑
ℓ

ℓωaℓ cos(ℓωt)

full gauge group

U(1)

ℤ

E

periodic 
gauge


(Floquet)

unfolding 
gauges

    H(t) = HF[t] + 𝒜F(t) ↦ HF[t] − ∑
n

∂t χn(t) |nF[t]⟩⟨nF[t] | + 𝒜F(t)

    ;     |nF[t]⟩ ↦ eiχ(t) |nF[t]⟩ ⟨nF |𝒜F |nF⟩ ↦ ⟨nF |𝒜F |nF⟩ − ∂t χ

ε(n)
F ↦ ε(n)

F − ∂t χn(t)

‣ leftover gauge freedom:     folding∂t χ = mω ⇒



Quasienergy folding: a new perspective

Marín Bukov mpipks (Dresden)

‣ periodicity breaks gauge group: U(1) → ℤ

‣  gauge: U(1)

‣ recall: quasienergies defined up to integer multiple of drive frequency: ,  ε(n)
F + mω m ∈ ℤ

‣ quasienergies are time-independent:  aℓ = 0

‣ impose periodicity :|nF[t + T ]⟩ = |nF[t]⟩ χ(t) = mωt + ∑
ℓ

aℓ sin(ℓωt)

quasienergy 

spectrum

ε(n)
F

    H(t) = HF[t] + 𝒜F(t) ↦ HF[t] − ∑
n

∂t χn(t) |nF[t]⟩⟨nF[t] | + 𝒜F(t)

∂t χ = mω + ∑
ℓ

ℓωaℓ cos(ℓωt)

quasienergy folding is a consequence of partial gauge fixing

full gauge group

U(1)

ℤ

E

periodic 
gauge


(Floquet)

unfolding 
gauges ?

parallel- 
transport 

gauge 
𝒜K

    ;     |nF[t]⟩ ↦ eiχ(t) |nF[t]⟩ ⟨nF |𝒜F |nF⟩ ↦ ⟨nF |𝒜F |nF⟩ − ∂t χ

ε(n)
F ↦ ε(n)

F − ∂t χn(t)

‣ leftover gauge freedom:     folding∂t χ = mω ⇒



❖ The Floquet ground state

Marín Bukov mpipks (Dresden)

๏ evolution operator U(t,0) = 𝒯 exp (−i∫
t

0
𝒜F(s)ds) exp(−itHF[0])

= 𝒯 exp (−i∫
t

0
𝒜K(s)ds) exp(−it (t,0))

<latexit sha1_base64="kYpJzIyAffsgLHk0o3QupKkJtfg="></latexit>

Æ

geometric phase dynamical phase

parallel-transport 
gauge

‣ use Kato potential 𝒜K

periodic gauge

micromotion quasienergy  H(t) = HF[t] + 𝒜F(t)



❖ The Floquet ground state

Marín Bukov mpipks (Dresden)

๏ evolution operator U(t,0) = 𝒯 exp (−i∫
t

0
𝒜F(s)ds) exp(−itHF[0])

‣ Average Energy operator       and  share same e’states (Floquet states)HF
<latexit sha1_base64="kYpJzIyAffsgLHk0o3QupKkJtfg="></latexit>

Æ

= 𝒯 exp (−i∫
t

0
𝒜K(s)ds) exp(−it (t,0))

<latexit sha1_base64="kYpJzIyAffsgLHk0o3QupKkJtfg="></latexit>

Æ

geometric phase dynamical phase

‣ use Kato potential 𝒜K

<latexit sha1_base64="kYpJzIyAffsgLHk0o3QupKkJtfg="></latexit>

Æ(t,0) = ∑
n

(t,0) |nF[0]⟩⟨nF[0] |<latexit sha1_base64="uLpIPx+Fnig+Q8iqEN48/a3Wyv4="></latexit>æn
<latexit sha1_base64="uLpIPx+Fnig+Q8iqEN48/a3Wyv4="></latexit>æn(t,0) =

1
t ∫

t

0
ds ⟨nF[s] |H(s) |nF[s]⟩

unfolded since  is extensiveH(t)unfolded since  is extensiveH(t)
★ order Floquet states

parallel-transport 
gauge

periodic gauge

micromotion quasienergy  H(t) = HF[t] + 𝒜F(t)



❖ The Floquet ground state

Marín Bukov mpipks (Dresden)

๏ evolution operator U(t,0) = 𝒯 exp (−i∫
t

0
𝒜F(s)ds) exp(−itHF[0])

‣ Average Energy operator       and  share same e’states (Floquet states)HF
<latexit sha1_base64="kYpJzIyAffsgLHk0o3QupKkJtfg="></latexit>

Æ

= 𝒯 exp (−i∫
t

0
𝒜K(s)ds) exp(−it (t,0))

<latexit sha1_base64="kYpJzIyAffsgLHk0o3QupKkJtfg="></latexit>

Æ

geometric phase dynamical phase

‣ use Kato potential 𝒜K

<latexit sha1_base64="kYpJzIyAffsgLHk0o3QupKkJtfg="></latexit>

Æ(t,0) = ∑
n

(t,0) |nF[0]⟩⟨nF[0] |<latexit sha1_base64="uLpIPx+Fnig+Q8iqEN48/a3Wyv4="></latexit>æn
<latexit sha1_base64="uLpIPx+Fnig+Q8iqEN48/a3Wyv4="></latexit>æn(t,0) =

1
t ∫

t

0
ds ⟨nF[s] |H(s) |nF[s]⟩

unfolded since  is extensiveH(t)

‣ Floquet unitary: U(T,0) = 𝒯 exp (−i∫
T

0
𝒜K(s)ds) exp(−iT (T,0))

<latexit sha1_base64="kYpJzIyAffsgLHk0o3QupKkJtfg="></latexit>

Æ

Wilson loop, Berry phases period-averaged energy 
indep. of phase of the drive

unfolded since  is extensiveH(t)
★ order Floquet states

ε(n)
F = T−1γn(T ) + (T )<latexit sha1_base64="uLpIPx+Fnig+Q8iqEN48/a3Wyv4="></latexit>æn

parallel-transport 
gauge

periodic gauge

micromotion quasienergy  H(t) = HF[t] + 𝒜F(t)



Marín Bukov mpipks (Dresden)

full gauge group

U(1)

ℤ

E

periodic 
gauge


(Floquet)

unfolding 
gauges E

parallel 
transport 

gauge 
(unique)
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Æ
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t

0
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unfolded since  is extensiveH(t)

‣ Floquet unitary: U(T,0) = 𝒯 exp (−i∫
T

0
𝒜K(s)ds) exp(−iT (T,0))
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Æ

Wilson loop, Berry phases period-averaged energy 
indep. of phase of the drive
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quantum circuit simulator (see Fig. 1). The sharp transition is
absent for most initial states but is most conspicuously seen
when the initial state is the effective ground state (GS),
i.e., the ground state of an effective Hamiltonian in the high-
frequency expansion. It becomes sharper and sharper if we
increase the order of the expansion, but the transition point is
insensitive to this order. We interpret the exceptional robust-
ness of the effective ground state by the generic property of
local Hamiltonians that the energetically resonant states with
the ground state above energy ℏΩ ¼ Oð1Þ consist of a few
quasiparticles behaving freely in the thermodynamic limit.
The initial state dependence of the transition sheds new light
on the seemingly contradicting previous reports about the
presence or absence of transitions. Besides, the stability of
states above a critical drive frequency (i.e., below a critical
Trotter step) encourages Floquet engineering (Trotter sim-
ulations) for a long time even in the thermodynamic limit
without the need of scaling the Trotter step down to zerowith
increasing the simulation time [35].
Formulation of the problem.—We consider a quantum

spin-1=2 chain of length L under the following time-
periodic Hamiltonian

HðtÞ ¼

8
>><

>>:

H1

!
k ≤ t=τ < kþ 1

2

"
;

H2

!
kþ 1

2 ≤ t=τ < kþ 3
2

"
;

H1

!
kþ 3

2 ≤ t=τ < kþ 2
"
;

ð1Þ

where k∈Z and 2τ is the driving period, and

H1 ¼ −
XL

j¼1

#
J
4
σzjσ

z
jþ1 þ

h
2
σzj

$
; H2 ¼ −

g
2

XL

j¼1

σxj : ð2Þ

Here, σxj and σzj are the Pauli matrices acting on the site j,
and the periodic boundary conditions are imposed while
Ref. [35] used the open ones. Throughout this Letter, we
set J ¼ h ¼ g ¼ 1 since we have confirmed that the results
are not sensitive to their choice as long as they are far
away from integrable points. An initial state jψ inii unitarily
evolves in time underHðtÞ, and the state at t ¼ nτðn∈ZÞ is
given by jψð2nτÞi ¼ TðτÞnjψ inii with

TðτÞ ¼ e−iH1
τ
2e−iH2τe−iH1

τ
2: ð3Þ

We ask now how stable jψð2nτÞi is under the periodic
drive. To quantify the stability, we introduce the following
fidelity [46]:

Fðn; τÞ ¼ jhψ inijTðτÞnjψ iniij2: ð4Þ

This definition is motivated by the following reasoning.
The Magnus expansion (or the symmetric Baker-Campbell-
Hausdorff formula) gives us a power series expansion for
HF defined through TðτÞ ¼ e−iHFτ as HF ¼

P∞
l¼0 h

ð2lÞτ2l,
where odd-order terms all vanish due to the symmetry
Tð−τÞ ¼ T†ðτÞ. Then a truncated effective Hamiltonian
Hð2kÞ

F ¼
Pk

l¼0 h
ð2lÞτ2l gives an approximation U2kðτÞ¼

e−iH
ð2kÞ
F τ¼TðτÞþOðτ2kþ3Þ. The approximate unitaryU2kðτÞ

is generated by the time-independent Hamiltonian Hð2kÞ
F

and thus energy conserving, and the time evolution
jψ2kð2nτÞi ¼ U2kðnτÞjψ inii is free from Floquet heating.
If jψ inii is an eigenstate ofH

ð2kÞ
F (as we will assume below),

the fidelity between the exact and approximate states
jhψ2kð2nτÞjψð2nτÞij2 [43,44] reduces to Eq. (4). While
Ref. [46] showed that eigenstates are more stable than
the superposition of them, we address which of the
eigenstates are more stable. We note that the above argu-
ment is also translated to Trotterization; TðτÞ is a (2kþ 2)th
order Trotter approximation for U2kðnτÞ generated by the
target HamiltonianHð2kÞ

F . To focus on the longtime stability,
we introduce the long- but finite-time average of the
fidelity:

F̄σ;τ ¼
1

N σ

X∞

n¼0

Fðn; τÞe−ðn=σÞ2 ; ð5Þ

whereN σ ≔
P∞

n¼0 e
−ðn=σÞ2 and σð> 0Þ denotes a Gaussian

cutoff. The time-averaged fidelity is numerically obtained
by calculating TðτÞnjψ inii for n ¼ 0; 1;…; nmax so that
nmax ≫ σ. Since TðτÞ can be represented by 1- and 2-qubit
quantum gates unlike other Floquet models [12],
TðτÞnjψ inii is more efficiently calculated using a circuit
simulator [47].
Sharp Trotter transition for the Floquet ground state.—

Figure 1 shows the τ dependence of the time-averaged
fidelity when the initial state is what we call here the

FIG. 1. Time-averaged fidelity (5) in the log scale under the
Floquet evolution (1) starting from the ground states of (a) Hð0Þ

F

and (b) Hð2Þ
F . The system size is L ¼ 24, and plot colors from

light blue to magenta correspond to the time cutoff σ from 102 to
104 equidistant in the log scale.
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quantum circuit simulator (see Fig. 1). The sharp transition is
absent for most initial states but is most conspicuously seen
when the initial state is the effective ground state (GS),
i.e., the ground state of an effective Hamiltonian in the high-
frequency expansion. It becomes sharper and sharper if we
increase the order of the expansion, but the transition point is
insensitive to this order. We interpret the exceptional robust-
ness of the effective ground state by the generic property of
local Hamiltonians that the energetically resonant states with
the ground state above energy ℏΩ ¼ Oð1Þ consist of a few
quasiparticles behaving freely in the thermodynamic limit.
The initial state dependence of the transition sheds new light
on the seemingly contradicting previous reports about the
presence or absence of transitions. Besides, the stability of
states above a critical drive frequency (i.e., below a critical
Trotter step) encourages Floquet engineering (Trotter sim-
ulations) for a long time even in the thermodynamic limit
without the need of scaling the Trotter step down to zerowith
increasing the simulation time [35].
Formulation of the problem.—We consider a quantum

spin-1=2 chain of length L under the following time-
periodic Hamiltonian

HðtÞ ¼
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Here, σxj and σzj are the Pauli matrices acting on the site j,
and the periodic boundary conditions are imposed while
Ref. [35] used the open ones. Throughout this Letter, we
set J ¼ h ¼ g ¼ 1 since we have confirmed that the results
are not sensitive to their choice as long as they are far
away from integrable points. An initial state jψ inii unitarily
evolves in time underHðtÞ, and the state at t ¼ nτðn∈ZÞ is
given by jψð2nτÞi ¼ TðτÞnjψ inii with

TðτÞ ¼ e−iH1
τ
2e−iH2τe−iH1

τ
2: ð3Þ

We ask now how stable jψð2nτÞi is under the periodic
drive. To quantify the stability, we introduce the following
fidelity [46]:

Fðn; τÞ ¼ jhψ inijTðτÞnjψ iniij2: ð4Þ

This definition is motivated by the following reasoning.
The Magnus expansion (or the symmetric Baker-Campbell-
Hausdorff formula) gives us a power series expansion for
HF defined through TðτÞ ¼ e−iHFτ as HF ¼

P∞
l¼0 h

ð2lÞτ2l,
where odd-order terms all vanish due to the symmetry
Tð−τÞ ¼ T†ðτÞ. Then a truncated effective Hamiltonian
Hð2kÞ

F ¼
Pk

l¼0 h
ð2lÞτ2l gives an approximation U2kðτÞ¼

e−iH
ð2kÞ
F τ¼TðτÞþOðτ2kþ3Þ. The approximate unitaryU2kðτÞ

is generated by the time-independent Hamiltonian Hð2kÞ
F

and thus energy conserving, and the time evolution
jψ2kð2nτÞi ¼ U2kðnτÞjψ inii is free from Floquet heating.
If jψ inii is an eigenstate ofH

ð2kÞ
F (as we will assume below),

the fidelity between the exact and approximate states
jhψ2kð2nτÞjψð2nτÞij2 [43,44] reduces to Eq. (4). While
Ref. [46] showed that eigenstates are more stable than
the superposition of them, we address which of the
eigenstates are more stable. We note that the above argu-
ment is also translated to Trotterization; TðτÞ is a (2kþ 2)th
order Trotter approximation for U2kðnτÞ generated by the
target HamiltonianHð2kÞ

F . To focus on the longtime stability,
we introduce the long- but finite-time average of the
fidelity:

F̄σ;τ ¼
1

N σ

X∞

n¼0

Fðn; τÞe−ðn=σÞ2 ; ð5Þ

whereN σ ≔
P∞

n¼0 e
−ðn=σÞ2 and σð> 0Þ denotes a Gaussian

cutoff. The time-averaged fidelity is numerically obtained
by calculating TðτÞnjψ inii for n ¼ 0; 1;…; nmax so that
nmax ≫ σ. Since TðτÞ can be represented by 1- and 2-qubit
quantum gates unlike other Floquet models [12],
TðτÞnjψ inii is more efficiently calculated using a circuit
simulator [47].
Sharp Trotter transition for the Floquet ground state.—

Figure 1 shows the τ dependence of the time-averaged
fidelity when the initial state is what we call here the

FIG. 1. Time-averaged fidelity (5) in the log scale under the
Floquet evolution (1) starting from the ground states of (a) Hð0Þ

F

and (b) Hð2Þ
F . The system size is L ¼ 24, and plot colors from

light blue to magenta correspond to the time cutoff σ from 102 to
104 equidistant in the log scale.
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quantum circuit simulator (see Fig. 1). The sharp transition is
absent for most initial states but is most conspicuously seen
when the initial state is the effective ground state (GS),
i.e., the ground state of an effective Hamiltonian in the high-
frequency expansion. It becomes sharper and sharper if we
increase the order of the expansion, but the transition point is
insensitive to this order. We interpret the exceptional robust-
ness of the effective ground state by the generic property of
local Hamiltonians that the energetically resonant states with
the ground state above energy ℏΩ ¼ Oð1Þ consist of a few
quasiparticles behaving freely in the thermodynamic limit.
The initial state dependence of the transition sheds new light
on the seemingly contradicting previous reports about the
presence or absence of transitions. Besides, the stability of
states above a critical drive frequency (i.e., below a critical
Trotter step) encourages Floquet engineering (Trotter sim-
ulations) for a long time even in the thermodynamic limit
without the need of scaling the Trotter step down to zerowith
increasing the simulation time [35].
Formulation of the problem.—We consider a quantum

spin-1=2 chain of length L under the following time-
periodic Hamiltonian
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Here, σxj and σzj are the Pauli matrices acting on the site j,
and the periodic boundary conditions are imposed while
Ref. [35] used the open ones. Throughout this Letter, we
set J ¼ h ¼ g ¼ 1 since we have confirmed that the results
are not sensitive to their choice as long as they are far
away from integrable points. An initial state jψ inii unitarily
evolves in time underHðtÞ, and the state at t ¼ nτðn∈ZÞ is
given by jψð2nτÞi ¼ TðτÞnjψ inii with

TðτÞ ¼ e−iH1
τ
2e−iH2τe−iH1

τ
2: ð3Þ

We ask now how stable jψð2nτÞi is under the periodic
drive. To quantify the stability, we introduce the following
fidelity [46]:

Fðn; τÞ ¼ jhψ inijTðτÞnjψ iniij2: ð4Þ

This definition is motivated by the following reasoning.
The Magnus expansion (or the symmetric Baker-Campbell-
Hausdorff formula) gives us a power series expansion for
HF defined through TðτÞ ¼ e−iHFτ as HF ¼

P∞
l¼0 h

ð2lÞτ2l,
where odd-order terms all vanish due to the symmetry
Tð−τÞ ¼ T†ðτÞ. Then a truncated effective Hamiltonian
Hð2kÞ

F ¼
Pk

l¼0 h
ð2lÞτ2l gives an approximation U2kðτÞ¼

e−iH
ð2kÞ
F τ¼TðτÞþOðτ2kþ3Þ. The approximate unitaryU2kðτÞ

is generated by the time-independent Hamiltonian Hð2kÞ
F

and thus energy conserving, and the time evolution
jψ2kð2nτÞi ¼ U2kðnτÞjψ inii is free from Floquet heating.
If jψ inii is an eigenstate ofH

ð2kÞ
F (as we will assume below),

the fidelity between the exact and approximate states
jhψ2kð2nτÞjψð2nτÞij2 [43,44] reduces to Eq. (4). While
Ref. [46] showed that eigenstates are more stable than
the superposition of them, we address which of the
eigenstates are more stable. We note that the above argu-
ment is also translated to Trotterization; TðτÞ is a (2kþ 2)th
order Trotter approximation for U2kðnτÞ generated by the
target HamiltonianHð2kÞ

F . To focus on the longtime stability,
we introduce the long- but finite-time average of the
fidelity:

F̄σ;τ ¼
1

N σ

X∞

n¼0

Fðn; τÞe−ðn=σÞ2 ; ð5Þ

whereN σ ≔
P∞

n¼0 e
−ðn=σÞ2 and σð> 0Þ denotes a Gaussian

cutoff. The time-averaged fidelity is numerically obtained
by calculating TðτÞnjψ inii for n ¼ 0; 1;…; nmax so that
nmax ≫ σ. Since TðτÞ can be represented by 1- and 2-qubit
quantum gates unlike other Floquet models [12],
TðτÞnjψ inii is more efficiently calculated using a circuit
simulator [47].
Sharp Trotter transition for the Floquet ground state.—

Figure 1 shows the τ dependence of the time-averaged
fidelity when the initial state is what we call here the

FIG. 1. Time-averaged fidelity (5) in the log scale under the
Floquet evolution (1) starting from the ground states of (a) Hð0Þ

F

and (b) Hð2Þ
F . The system size is L ¼ 24, and plot colors from

light blue to magenta correspond to the time cutoff σ from 102 to
104 equidistant in the log scale.
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‣     spectrum implodes for T > T*
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Q: are certain Floquet states special?

๏ locality of average energy operator

HF = ∑
n
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F |nF⟩⟨nF | ⟶ ∑

n

ε(n)
F |nF⟩⟨nF |+ω |mF⟩⟨mF | = H′ F

e’state projector
recall:  is non-local:HF

Heating in kicked Ising chain

‣     spectrum implodes for T > T*
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๏ evolution operator UF(θx) = e−iTHze−iθxHx Hz = ∑
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• -gap in q’energy spectrumπ

‣ pairing of Floquet states

robust to perturbations in  θx

UF(π) |n±
F ⟩ = ± e−iTεn |n±

F ⟩

Hz |n⟩ = εn |n⟩



Discrete time crystals

Marín Bukov mpipks (Dresden)

๏ evolution operator UF(θx) = e−iTHze−iθxHx Hz = ∑
n

JnZnZn+1 Hx =
1
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Hz |n⟩ = εn |n⟩
robust to perturbations in  θx

UF(π) |n±
F ⟩ = ± e−iTεn |n±

F ⟩

๏ average energy
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Controlling systems on top of Floquet drives
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so far: ramp time/phase of the drive

amplitude ramps

‣ what about other control parameters?

frequency chirps

external ramps

‣ counterdiabatic driving of  
Floquet engineered states
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(i) equilibrium ‘drives’: 𝒜F ≡ 0 ⟹ H(t) = const

(ii) pure-micromotion drives: HF ≡ 0 ⟹ U(t) = P(t)
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Floquet resonances
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n]

H(t) = ∑
k

ψ†
k h(k, t)ψk

h(k, t) = Δkτz + Ak [cos(ωt)τx + sin(ωt)τy]

Δk = g + J cos(k)

Ak = A sin(k)



Anomalous  Floquet topological insulators

Marín Bukov mpipks (Dresden)
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Anomalous  Floquet topological insulators

Marín Bukov mpipks (Dresden)
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Variational approximation of  HF

๏ 2LS: circular drive

H(t) =
1
2

ΔZ +
g
2

(cos ωtX + sin ωtY )

๏ 2LS: resonant linear drive
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✓ matches exact solution (dashed line) ✓ agrees with numerics (dashed line)
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Marín Bukov mpipks (Dresden) harmonics21



Variational approximation of  HF

๏ nonintegrable Ising chain: H(t) = ∑
j

JZj+1Zj + hzZj + hx sin ωtXj

‣ numerically, variational ℋF

‣ analytically, Floquet-Magnus  (to a fixed order )HFM,n n = 0,1,2

H(0)
FM =

1
T ∫

T

0
dtH(t) H(1)

FM =
1

2!Ti ∫
T

0
dt1 ∫

t1

0
dt2 [H(t1), H(t2)]

Marín Bukov mpipks (Dresden)

๏ compare time evolution operators: ,   ∥e−iTHF − e−iTℋF∥ ∥e−iTHF − e−iTH(n)
FM∥

๏ numerically compute exact  :   ground truth HF

๏ compute approximation to HF

⋯
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ZjXj+1 + XjZj+1

+ keep up to  Fourier harmonics21



Variational approximation of  HF

๏ nonintegrable Ising chain: H(t) = ∑
j

JZj+1Zj + hzZj + hx sin ωtXj

ω/J = 20, hx /J = 3, hz /J = 0.9
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high frequency regime

‣ 2nd order FM: , etc.[ZZ, [X, ZZ]] ∼ ZXZ
 spins,  harmonics12 21
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Variational approximation of  HF

๏ nonintegrable Ising chain: H(t) = ∑
j

JZj+1Zj + hzZj + hx sin ωtXj

ω/J = 20, hx /J = 3, hz /J = 0.9

high frequency regime

 spins,  harmonics12 21
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Variational approximation of  HF

๏ nonintegrable Ising chain: H(t) = ∑
j

JZj+1Zj + hzZj + hx sin ωtXj

ω/J = 2.5, hx /J = 3, hz /J = 0.9 ω/J = 20, hx /J = 3, hz /J = 0.9
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✓ better than Floquet-Magnus expansion

low frequency regime high frequency regime

‣ 2nd order FM: , etc.[ZZ, [X, ZZ]] ∼ ZXZ
∥A − B∥2 = 1 −

1
dim(H )

Re tr(A†B) spins,  harmonics12 21
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Variational approximation of  HF

๏ nonintegrable Ising chain: H(t) = ∑
j

JZj+1Zj + hzZj + hx sin ωtXj

ω/J = 2.5, hx /J = 3, hz /J = 0.9
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✓ better than Floquet-Magnus expansion

low frequency regime
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‣ 2nd order FM: , etc.[ZZ, [X, ZZ]] ∼ ZXZ
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