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@ INPHYNI Hydrodynamic turbulence

Incompressible Navier Stokes equation x € T?, ¢ > t

u+ (u-V)u+ Vp=vAu+ f, V-u=0

u(x, ty) = up(x)
Random forcing f injects energy at large scales, dissipation acts at small scales.

Turbulent invariant measure: pigyb(du) = lim  lim  p, (du, t | wo, to)
v—0tg——00

Relations to Euler dynamics obtained by setting v = 07

Three key phenomena:
Dissipative anomaly, spatial intermittency, and spontaneous stochasticity.
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@ INPHYNI Dissipative anomaly

INSTITUT DE PHYSIQUE DE NICE

d
Observable (F) := [ Fluldu,(du)= —(F) + T = D + 7
< >I/ [ ] :ul/( ) dt < >1/ N / v N y
nonlinear viscous injection
transfers contribution
Dissipative anomaly: | lim D, # 0 2
v—0 Jimenez et al. (1993)
* & Wang et al. (1996)
4 Yeung & Zhou (1997)
® Cao et al. (1999)
15F Gotoh et al. (2002)
. 1 2 . A Kaneda ct al. (2003)
Case of energy density E = § (|u >V 3 > Bitane, Homann & Bec (2012)
dE 2
2 _ 3
E:—Vﬂvu‘ >V+<_f'u>:—5D+5I w + .
LR VO yy .|
Inviscid limit: lim v <|VU|2> =ep > 0 adapted from Ishihara et al. 2009
v—0 v ol U el
10' 102 10° 10* 10°

Ry

’ = breakdown of Euler time-reversibility
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Spatial intermittency

@ INSTITUT DE PHYSIQUE DE NICE

Longitudinal structure functions:

Exact result: 4/5 law
(homogeneity, isotropy, stationarity)

4
SQ(T) =g

However: S, (r) ~ r% with ¢, # p/3

3

2.5

S)(r) = ([(ule +7) —u(x))-#]")

— — K41: (, =p/3
+ Modane wind tunnel (Arneodo et al. 1996)
« Von Karman water (Saw et al. 2018)

p

‘ =—> breakdown

of simple scale invariance‘
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@ INPHY NI Lagrangian spontaneous stochasticity

dX
Lagrangian dynamics: = = u(X,t), X(0)=ux

Velocity field is Holder, not Lipschitz: |u(x) — u(z')| ~ |z — «'|" with h < 1
Pair separation: R(t) = | X (t) — X'(t)|, R(0)=ro

R(&t) ~ rg et =+t

Short times: {with A /Ay ~ 1.3 and lim, 50 Ae = 00

) (R*(£t)) =~ grert® (Richardson dispersion) 7,
Long times: ¢ ih / e 2 and lim g+ = const / :
9-/9+ 7~ v—0 9+ = from Scatamacchia
etal. 2013

Transition probability: ~ lim  lim P, (z,2’,t| zo, x(,0) # §(x — ')

|ao—a(| -0 v—0

— stochastic Lagrangian trajectories‘
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@ INPHYNI Eulerian spontaneous stochasticity

Perturbation of a steady-state solution at t =0: u/(x,0) = u(x,0) + dup(x)

Growth of the root-mean-squared separation: du(t) = |u(-,t) — u'(-,t)|L,

2D Kelvin-Helmholtz vortex sheet

10°

Su(t) ~ du(0) X"t

Short times: {

with lim A® = oo g
v—0 e
. é 106
Long times: <(5u2(t)>y ~ Cert & Thalabard et al. 2020
Lorenz's “real” butterfly effect, less predictable than o B
. . ? . . ? o —o-v=2x10" |
any chaotic system. lim, _,o C? Universality? 000 T -
t
Transition probability: lim lim P(u, ', t|ug,ug,0) # 6(u—u')

[u(0)—w/(0)| =0 v—0
< non-unicity of weak Euler solutions and lack of selection principle when v — 0.

— breakdown of standard Euler dynamics‘
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@ INPHYNI Toward a unified vision?

INSTITUT DE PHYSIQUE DE NICE

Subtle interlinks between turbulent solutions and limiting inviscid dynamics

Can simpler models shed some lights? 7)1



>

Burgers turbulence

rrrrrrrrrrrrrrrrrrrrr

Pressureless gas: | Oru + u O u = Vagu + f

ze€Q=TorR

u(x,to) = up(x) and f random forcing concentrated at scale L.

Hamilton—Jacobi: |8, ¥ + 110, 9|* = v 92¥ + F | with f = 9, F, u = 9,V

Ly,

Hopf-Cole transformation: # =¢ 2v° —

0 = v020 — L F0

e
Feynman-Kac (path integral): 6(z,t) = Ez [e 2 Vo(Zi-10) =3 Jig F(Zts5) ds

with  dZ; =V2vdW,, Zy==x.

Inviscid limit v — 0: variational principle | U(z,t) = inf [o(v(to) + Al7v;to,t]]

() (t)=s

with Aly: o, 1] = / [142(s) + F(y(s), )] ds

to

d = 1: Hopf '50, Lax '57, Oleinik '57, Mather '82, Aubry '83, E et al. '00.
d > 1: Kruzhkov '75, Lions '82, Iturriaga & Khanin '03
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@ INSTITUT DE PHYSIQUE DE NICE

Lagrangian picture

u(z,t) = 0y inf [Wo(y(to) + Alv;to, t]] with Aly;to,t] =

time

_/ [142(s) + F(1(s), 5)] ds
2()sr(t)=s

to

Euler-Lagrange equations: F smooth (C?) = infimum attained

()

_ almost everywhere for a unique ~(+)
T=Y t 4 space
1) 0= 0, F(v,t)
with BC: v(t) = x -
space v(to) = uo(v(to))- 76

More than one minimizer = shock

The variational principle selects a unique viscosity solution.
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@ INPHYNI Statistically stationary regime

t
Limit tg — —o0:  w(z,t) = Opinf Ay[y]  with Ai[4] :/ [142(s) + F(7(s), )] ds
() (t)=s -
NB: if Q is compact, the limits v — 0 and ¢ty — co commute

X space
Key properties: \
- minimizers do not intersect at s < t
- they are unique, except on a countable set
) compact = there exists a unique global o
minimizer v, that minimizes A; Vt. 8 e
Y« is a hyperbolic trajectory of the La- T
grangian dynamics: Vv and Vs < ¢
Ms—t Topological shock —
|")/*(S) - ’7(5)| < Ch/*(t) - W(t)| € (s=1) © (or global shock)
75l

By periodicity, the left-most and right-most minimizers approaching =, emanate from

the same location. They define the topological shock.
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@ INPHYNI Topological shocks in higher dimensions

STITUT DE PHYSIQUE DE NICE

Unfold to universal cover

For d = 2: hexagonal tiling | .’

+ metamorphoses

For d > 2: less topological constraints

= non-unique tiling '0‘

Y

Lattice of global minimizer

(i+1,j) (i+1, j+1)
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@ INPHYNI Extended systems and KPZ scaling

DE PHYSIQUE DE NICE

Forcing at scale Ly < L. Consider intermediate times L;/U < T < L/U.

T-global shock: shock that is older than T
Density p(T) ~T™% < {T) = |xg — x1| ~T*

Displacement of minimizers = drift 4+ diffusion
UT) ~ AUT +BT'?  with U~ gy [ u(z,t) dz

1

{(T) > Ly: sum of independent variables U ~ ¢~1/2

Drift is dominant and £ ~ ¢~'/?T and a = 2/3.

{ ~T?3 and 6¥ = fff u(z,t) dz ~ 0172 ~ T3 = KPZ scaling
but possibly not same universality class. . .
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@ INPHYNI Smooth solutions in compact settings

Assume now that Ly ~ L

Convergence of all minimizers to the hyperbolic global minimizer ~, implies that
» The statistically steady solution is unique and convergence is exponentially fast
» The graph of the solution (z, u(z,t)) belongs to the unstable manifold I'™) of ~,

global
minimizer ™ (1)

a preshock | _----
main

» shock

e

ux,t)

X x+1

» The set of shocks is finite
> The solution is piecewise smooth (f € C" = T e ¢ 1)

(E, Khanin, Mazel, Sinai '00)
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@ INPHYNI Dissipative anomalies

» Smoothness properties of the solution allow one to estimate shock contributions:

u

¥ t
\ y:7x :() s(t)=u" —u*
gj B —— Inner expansion: u(z,t) = vo(y,t)+vui(y, t)+v2ve(y, t)+- -
o 1 s(t) s(t)y
() = wv(y,t) = = (ut +u”) — == tanh
. I _ 2 2 4

» Shocks dissipate kinetic energy if s =u~ —u™ >0

Ep = 1//(896u)2 da ~ Z VZ? / (&T tanh W)zdm = prL (s

» Approach extended to other quantities: e.g., PDF p(&) of velocity gradients d,u
—0(&%p) — Ep = Du(€) + x1 8p (E & Vanden-Eijnden '00)

with D, = vd; ((B3uldu = &) p) =3 £ [ s[pt (€, 5) + p~ (€, 5)] ds
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@ NPHYNI Spatial intermittency

> Equivalent of the 4/5 law:  S3(¢) = (6u®) ~ —12¢e1¢, u = u(x + ) — u(z)

» Piecewise smoothness and finite number of shocks

= p(5u; E) = g Po,u ((Lu) + psgpsize(_éu)
from smooth pieces from;ocks

» Structure functions

S,(0) = (u?) ~ 7 / € o, (€)dE + (—1)Ppat / Ppane(s

p p<l1 1

Bifractal scaling: | S,(¢) ~ £ with ¢, = {
1 p>1

1 p

» Spatial intermittency is geometric in origin: isolated shocks (codimension one)
dominate high-order statistics, leading to saturation of scaling exponents
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@ INPHYNI Spontaneous stochasticity

> Lagrangian trajectories: non-uniqueness of backward

characteristics at shocks *

When v — 0 (Eyink & Drivas '15): ! opEse
Py, ~tle*,0) = 13(x — 1 (1)) + 16(x — 12(1)) o

Direct relation between stochasticity of Lagrangian =

trajectories and anomalous dissipation, and extreme

time asymmetry.
Occurs however on a set of zero space-time measure.

» Eulerian fields: The construction of the statistically stationary state implies a
one-force /one-solution principle. Viscosity solutions are unique and the dynamics
is not even chaotic.

No Eulerian spontaneous stochasticity at the level of the velocity field u, despite
stochasticity in the underlying Lagrangian dynamics.
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0 INPHYNI Lessons from Burgers turbulence

INSTITUT DE PHYSIQUE DE NICE

Dissipation, intermittency, and stochasticity emerge from singular dynamics (shocks).

Anomalies are localized on shocks,
not distributed over a cascade
of interacting structures

Stochasticity is Lagrangian, only
backward-in-time, exceptional
and localized, not pervasive
across scales.

Intermittency is geometric
and bifractal, no multifractal hierarchy
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@ INPHYNI Open questions in Burgers turbulence

» Universality with respect to small-scale regularization
Does the inviscid-limit, shock-dominated Burgers phenomenology persist under
alternative regularizations (e.g. hyperviscosity, stochastic noise)? What happens if
the small-scale dynamics is fundamentally altered, potentially producing
spatiotemporal chaos as in Kuramoto—Sivashinsky?

» Scale-invariant forcing
When forcing is scale-invariant, the solution becomes Holder-regular and shocks
can be dense. How to construct the steady-sate? Can this lead to Eulerian
spontaneous stochasticity and new intermittency mechanisms?
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