
From shocks to stochasticity:

modern perspectives on Burgers turbulence

Jérémie Bec

CNRS, Institut de Physique de Nice (INPHYNI)
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Hydrodynamic turbulence

Incompressible Navier Stokes equation x ∈ Td, t > t0

∂tu + (u·∇)u +∇p = ν∆u + f , ∇ · u = 0

u(x, t0) = u0(x)

Random forcing f injects energy at large scales, dissipation acts at small scales.

Turbulent invariant measure: µturb(du) = lim
ν→0

lim
t0→−∞

µν(du, t | u0, t0)

Relations to Euler dynamics obtained by setting ν = 0?

Three key phenomena:
Dissipative anomaly, spatial intermittency, and spontaneous stochasticity.
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Dissipative anomaly

Observable 〈F〉ν :=

∫
F [u] dµν(du)⇒ d

dt
〈F〉ν + T︸︷︷︸

nonlinear
transfers

= Dν︸︷︷︸
viscous

contribution

+ I︸︷︷︸
injection

Dissipative anomaly: lim
ν→0
Dν 6= 0

Case of energy density E = 1
2

〈
|u|2

〉
ν

dE

dt
= −ν

〈
|∇u|2

〉
ν

+ 〈f · u〉 ≡ −εD + εI

Inviscid limit: lim
ν→0

ν
〈
|∇u|2

〉
ν

= εD > 0

=⇒ breakdown of Euler time-reversibility
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Spatial intermittency

Longitudinal structure functions: S‖p(r) =
〈[

(u(x + r)− u(x))·r̂
]p〉

Exact result: 4/5 law
(homogeneity, isotropy, stationarity)

S
‖
3(r) = −4

5
εI r

However: Sp(r) ∼ rζp with ζp 6= p/3

=⇒ breakdown of simple scale invariance
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Lagrangian spontaneous stochasticity

Lagrangian dynamics:
dX

dt
= u(X, t), X(0) = x0

Velocity field is Hölder, not Lipschitz: |u(x)− u(x′)| ∼ |x− x′|h with h < 1

Pair separation: R(t) = |X(t)−X ′(t)|, R(0) = r0

Short times:

{
R(±t) ' r0 e±λ±t

with λ−/λ+ ≈ 1.3 and limν→0 λ± =∞

Long times:

{〈
R2(±t)

〉
ν
' g±εIt

3 (Richardson dispersion)

with g−/g+ ≈ 2 and lim
ν→0

g± = const

Transition probability: lim
|x0−x′0|→0

lim
ν→0

Pν(x,x′, t |x0,x
′
0, 0) 6= δ(x− x′)

=⇒ stochastic Lagrangian trajectories
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Eulerian spontaneous stochasticity

Perturbation of a steady-state solution at t = 0 : u′(x, 0) = u(x, 0) + δu0(x)

Growth of the root-mean-squared separation: δu(t) = |u(·, t)− u′(·, t)|L2

Short times:

{
δu(t) ' δu(0) eλ

Et

with lim
ν→0

λE =∞

Long times:
〈
δu2(t)

〉
ν
' C εI t

Lorenz’s “real” butterfly effect, less predictable than
any chaotic system. limν→0C? Universality?

Transition probability: lim
|u(0)−u′(0)|→0

lim
ν→0

P (u,u′, t |u0,u
′
0, 0) 6= δ(u− u′)

↔ non-unicity of weak Euler solutions and lack of selection principle when ν → 0.

=⇒ breakdown of standard Euler dynamics
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Toward a unified vision?

Subtle interlinks between turbulent solutions and limiting inviscid dynamics

Can simpler models shed some lights?
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Burgers turbulence

I Pressureless gas: ∂tu+ u ∂xu = ν ∂2
xu+ f x ∈ Ω = T or R

u(x, t0) = u0(x) and f random forcing concentrated at scale Lf .

I Hamilton–Jacobi: ∂tΨ + 1
2 |∂xΨ|2 = ν ∂2

xΨ + F with f = ∂xF , u = ∂xΨ

I Hopf–Cole transformation: θ = e−
1
2νΨ =⇒ ∂tθ = ν∂2

xθ − 1
2νF θ

I Feynman-Kac (path integral): θ(x, t) = EZ
[
e
− 1

2νΨ0(Zt−t0 )− 1
2ν

∫ t
t0
F (Zt−s,s) ds

]

with dZs =
√

2ν dWs, Z0 = x.

I Inviscid limit ν → 0: variational principle Ψ(x, t) = inf
γ(·):γ(t)=s

[Ψ0(γ(t0) +A[γ; t0, t]]

with A[γ; t0, t] =

∫ t

t0

[
1
2 γ̇

2(s) + F (γ(s), s)
]

ds

d = 1: Hopf ’50, Lax ’57, Oleinik ’57, Mather ’82, Aubry ’83, E et al. ’00.

d > 1: Kruzhkov ’75, Lions ’82, Iturriaga & Khanin ’03 8 / 18



Lagrangian picture

u(x, t) = ∂x inf
γ(·):γ(t)=s

[Ψ0(γ(t0) +A[γ; t0, t]] with A[γ; t0, t] =

∫ t

t0

[
1
2 γ̇

2(s) + F (γ(s), s)
]

ds

Euler-Lagrange equations:

{
γ̇ = v
v̇ = ∂xF (γ, t)

with BC: γ(t) = x
v(t0) = u0(γ(t0)).

F smooth (C3)⇒ infimum attained

almost everywhere for a unique γ(·)

More than one minimizer = shock

The variational principle selects a unique viscosity solution.
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Statistically stationary regime

Limit t0 → −∞: u(x, t) = ∂x inf
γ(·):γ(t)=s

At[γ] with At[γ] =

∫ t

−∞

[
1
2 γ̇

2(s) + F (γ(s), s)
]

ds

NB: if Ω is compact, the limits ν → 0 and t0 →∞ commute

Key properties:
- minimizers do not intersect at s < t
- they are unique, except on a countable set

Ω compact ⇒ there exists a unique global
minimizer γ? that minimizes At ∀t.
γ? is a hyperbolic trajectory of the La-
grangian dynamics: ∀γ and ∀s� t

|γ?(s)− γ(s)| ≤ C|γ?(t)− γ(t)| eλ(s−t)

By periodicity, the left-most and right-most minimizers approaching γ? emanate from
the same location. They define the topological shock.
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Topological shocks in higher dimensions

Unfold to universal cover

Multidimensional extension
Unwrap the periodic domain

⇒ Periodic tiling of
the full space

Lattice of global minimizer

For d = 2: hexagonal tiling

(a)

(b)

Fig. 17. Space-time sketch of the unwraping of the periodic
domain Td to the whole space Rd for d = 1 (a) and d = 2 (b).

that, generically, there exist other points inside O!k with
several minimizers. They correspond to shocks of “lo-
cal” nature because at these locations, all the one-sided
minimizers are asymptotic to the same global minimizer

!γ
(g)
!k

and hence, to each other. In terms of Lagrangian

dynamics, the topological shocks play a role dual to that
of the global minimizer. Indeed, all the fluid particles
are converging backward-in-time to the global mini-
mizer and are absorbed forward-in-time by the topo-
logical shocks. For the transportation of mass when we
assume that the Burgers equation is supplemented by
a continuity equation for the mass density, all the mass
concentrate at large times in the topological shocks.

The global structure of the topological shocks is related
to the various singularities generically present in the so-
lution to the Burgers equation that were detailed in sec-
tion 2.3. Generically there are no locations associated to
more than (d+1) minimizers. As one expects to see only
generic behavior in a random situation, the probability
to have points with more than (d + 1) one-sided mini-
mizers is zero. It follows that there are no points where
(d + 2) tiles O!k meet, which is an important restriction
on the structure of the tiling. For d = 2 it implies that
the tiling is constituted of curvilinear hexagons. Indeed,
suppose each tile O!k is a curvilinear polygon with s ver-

(a)

(b)

Fig. 18. (a) Position of the topological shock on the torus;
the two triple points are represented as dots. (b) Snapshot
of the velocity potential ψ(x, y, t) for d = 2 in the statisti-
cal steady state, obtained numerically with 2562 grid points.
Shock lines, corresponding to locations where ψ is not dif-
ferentiable, are represented as black lines on the bottom of
the picture; the four gray areas are different tiles separated
by the topological shocks; the other lines are local shocks.

tices corresponding to triple points. For a large piece
of the tiling that consists of N tiles, the total num-
ber of vertices is nv ∼ sN/3 and the total number of
edges is ne ∼ sN/2. The Euler formula implies that
1 = nv − ne + N ∼ (6 − s)N/6, and we necessarily have
s = 6, corresponding to an hexagonal tiling. As shown
in figure 18(a), this structure corresponds on the peri-
odicity torus T2, to two triple points connected by three
shock lines that are the curvilinear edges of the hexagon
O!0. The connection between the steady-state potential
and the topological shocks is illustrated numerically on
figure 18(b). The different tiles covering the periodic do-
main were obtained by tracking backward in time fluid
particle trajectories and by determining to which peri-
odic image of the global minimizer they converge.

In dimensions higher than two, the structure of topolog-
ical shocks is more complicated. For instance it is not
possible to determine in a unique manner the shape of
the polyhedra forming the tiling. However, it has been
shown by Matveev [87] that for d = 3 the minimum poly-
hedra forming such tiling has 24 vertices and 36 edges
and is composed of 8 hexagons and 6 rectangles (see fig-
ure 19). It is of interest to note that the structure of
topological shocks is in direct relation with the notions
of complexity and minimum spines of manifolds intro-
duced by Matveev from a purely topological viewpoint.
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+ metamorphoses

For d > 2: less topological constraints

⇒ non-unique tiling

Fig. 19. Sketch of the simplest configuration of the topolog-
ical shock in dimension d = 3.

Algebraic characterization of the topological shock

In two dimensions, when periodic boundary conditions
are considered, very strong constraints are imposed on
the structure of the solution. In particular, the topol-
ogy of the torus T2 imply that the topological shocks
generically form a periodic tiling of R2 with curvilinear
hexagons. However, this tiling can be of various alge-
braic types. Consider the tile O!0 surrounded by its six

immediate neighbors O!ki
, where the integer vectors !ki

are labeled in anti-clockwise order, !k1 having the small-
est polar angle (see figure 20). It is easily seen that the
periodicity of the tiling implies

!k3 = !k2 − !k1, !k4 = −!k1, !k5 = −!k2

and !k6 = !k1 − !k2, (5.3)

so that the whole information on the algebraic struc-

ture of the tiling is contained in the vectors !k1 and !k2

which form a matrix S from the group SL(2, Z) of 2 × 2
integer matrices with unit determinant. The matrix S
gives information on the number of times each shock line
turns around the torus before reconnecting to another
triple point. Figure 18(a) corresponds to the simplest
case when S is the identity matrix. When the forcing is
stochastic, the matrix S is random and stationary solu-
tions to the two-dimensional Burgers equation define a
stationary distribution on SL(2, Z).

k1γ
(g)

(i, j)

γ
(g)

(i−1, j+1)

γ
(g)

(i+1, j)

γ
(g)

(i+1, j−1)

3

k2

k

γ
(g)

(i, j+1)

k6
k5

k4

γ
(g)

(i−1, j)

γ
(g)

(i, j−1)

Fig. 20. The algebraic structure of the topological shock in
dimension d = 2 is determined by the indexes corresponding
to immediate neighbors of the tiling considered.

Certainly, topological shocks evolve in time and may
change their algebraic structure. This happens through
bifurcations (or metamorphoses) described in section
2.3. In two dimensions, the generic mechanism which
transforms the algebraic structure of topological shocks
is the merger of two triple points. This metamorphosis
is called the flipping bifurcation and corresponds to the
appearance at time t" of an A4

1 singularity in the solu-
tion associated to a position with four minimizers. The
mechanism transforming the algebraic structure of the
topological shock is illustrated in figure 21. Issues such
as the minimum number of flips needed to transform the
matrix S1 associated to the algebraic structure of the
topological shock to another matrix S2 are discussed in
in [1].

Fig. 21. Sketch of the tiling before, at the flipping time t∗ and
after it. This example corresponds to a bifurcation from the
matrix S1 = [10

0
1] to S2 = [01

−1
2]. The dashed boxes represent

the periodicity domain [0, 1]2.

5.3 Hyperbolicity of the global minimizer

The nature of the convergence to a statistical steady
state is determined by the local properties of the global
minimizer. The hyperbolicity of this action-minimizing
trajectory implies an exponential convergence, so that
the global picture of the solution is reached very rapidly,
after just a few turnover times.

Since the trajectory of the global minimizer is unique
and can be extended to arbitrary large times, it corre-
sponds to an ergodic invariant measure for the stochastic
flow defined by the Euler–Lagrange equation (5.2). Con-
ditioned by the random force, this measure is simply the
delta measure sitting at the location (!γ(g)(0), !̇γ(g)(0)).
By the Oseledets ergodic theorem (see, e.g. [98]), 2d non-
random Lyapunov exponents can be associated to the
global minimizer trajectory. Since the flow is symplectic
these non-random exponents come in pairs with oppo-
site signs. That is

λ1 ≥ · · · ≥ λd ≥ 0 ≥ −λd ≥ · · · ≥ −λ1 . (5.4)

Hyperbolicity is defined as the non-vanishing of all these
exponents. Thus, the issue of hyperbolicity can be ad-
dressed in terms of the backward-in-time convergence of
the one-sided minimizers to the global one or, better, in

24
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Extended systems and KPZ scaling

Forcing at scale Lf � L. Consider intermediate times Lf/U � T � L/U .

T -global shock: shock that is older than T .
Density ρ(T ) ∼ T−α ⇔ `(T ) = |x2 − x1| ∼ Tα

Displacement of minimizers = drift + diffusion
`(T ) ∼ AU T +B T 1/2 with U ≈ 1

`(T )

∫ x2
x1
u(x, t) dx

`(T )� Lf : sum of independent variables U ∼ `−1/2

Drift is dominant and ` ∼ `−1/2T and α = 2/3.

` ∼ T 2/3 and δΨ =
∫ x2
x1
u(x, t) dx ∼ `1/2 ∼ T 1/3 = KPZ scaling

but possibly not same universality class. . .
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Smooth solutions in compact settings

Assume now that Lf ∼ L
Convergence of all minimizers to the hyperbolic global minimizer γ? implies that

I The statistically steady solution is unique and convergence is exponentially fast

I The graph of the solution (x, u(x, t)) belongs to the unstable manifold Γ(u) of γ?
terms of forward-in-time dynamics. In the latter case,
this amounts to looking how fast Lagrangian fluid par-
ticles are absorbed by shocks. For this we consider the
set Ωreg(T ) of locations !x such that the fluid particle
emanating from !x at time t = 0 survives, i.e. is not ab-
sorbed by any shock, until the time t = T . The long-time
shrinking of Ωreg as a function of time is asymptotically
governed by the Lyapunov exponents. To ensure the ab-
sence of vanishing Lyapunov exponents, it is sufficient to
show that the diameter of Ωreg(T ) decays exponentially
as T → +∞.

In one dimension, it has been shown in [38] that this is
indeed the case, and particularly that there exists posi-
tive constants α, β, A and B such that

Prob
{
diamΩreg(T ) ≥ Ae−αT

}
≤ Be−βT . (5.5)

Unfortunately this proof of hyperbolicity is purely one-
dimensional and at present time there is no extension of
this result to higher dimensions.

In two dimensions, the behavior of diamΩreg(T ) at large
times was studied numerically in [10] by using the fast
Legendre transform described in section 2.4 and a forc-
ing that is a sum of independent random impulses con-
centrated at discrete times. The ideas of this numerical
method are related to the Lagrangian structure of the
flow. This easily permits to track numerically the set Ωreg

of regular Lagrangian locations. As seen from figure 22,
the diameter of this set decays exponentially fast in time
for three different types of forcing, providing good ev-
idence of the hyperbolicity of the global minimizer for
d = 2.
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Step           [= Const. if k≤3]

Fig. 22. Time evolution of the diameter of the Lagrangian
set Ω(T ) (points corresponding to the regular region) for
three different types of forcing spectrum; average over 100
realizations and with 2562 grid points (from [10]).

Hyperbolicity of the global minimizer implies existence
at any time t of two d-dimensional smooth manifolds

u x,t(    )

(  )tΓ(u)
global

minimizer

u

x x+

s

1

main
shock

a preshock

Fig. 23. Sketch of the unstable manifold for d = 1 in the
(x, v) plane. Shock locations (A2

1 singularities) are obtained
by applying Maxwell rules to the loops. A preshock (A3

singularity) is represented; it corresponds to the formation
of a loop in the manifold. The velocity profile which is the
actual solution to the Burgers equation is represented as a
bold line.

in phase space (!γ, !̇γ) that are invariant by the Euler–
Lagrange dynamics (5.2): a stable (attracting) manifold
Γ(s)(t) and an unstable (repelling) manifold Γ(u)(t), de-
fined as the instantaneous location of trajectories con-
verging to the global minimizer forward in time and
backward in time, respectively. Since all the minimizers
converge backward in time to the global minimizer, the
graph in the position-velocity phase space (!x,!v) of the
solution in the statistical steady state is made of pieces of
the unstable manifold Γ(u)(t) with discontinuities along
the shocks lines or surfaces. In other words, shocks ap-
pear as jumps between two different folds of the unstable
manifold. The smoothness of the unstable manifold is an
important property; for instance, it implies that when
d = 2, the topological shock lines are smooth curves.

In one dimension, where hyperbolicity is ensured, the
main shock corresponds to a jump between the right
branch and the left branch of the unstable manifold. Its
position can be obtained geometrically after observing
that the area b covered by the unstable manifold, once
the latter is cut by the main shock, should be equal to
the first integral of motion which is conserved, i.e.

b =

∫
v(x, t) dx =

∫
v0(x) dx . (5.6)

The other shocks (or secondary shocks that have existed
only for a finite time) cut through the double-fold loops
of the unstable manifold (see figure 23). Their locations
can be obtained by a Maxwell rule applied to those loops.
Indeed, the difference of the two areas defined by cutting
such a loop at some position x is equal to the difference
of actions of the two trajectories emanating from the up-
per and lower locations and, thus, vanishes at the shock
location. We will see in section 6 that this construction
of the solution is also valid when the forcing is periodic
in time, problem which can be related to Aubry–Mather
theory relative to commensurate-incommensurate phase
transitions.
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I The set of shocks is finite

I The solution is piecewise smooth (f ∈ Cr =⇒ Γ(u) ∈ Cr−1)

(E, Khanin, Mazel, Sinai ’00)
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Dissipative anomalies

I Smoothness properties of the solution allow one to estimate shock contributions:

y =
x− x?(t)

ν
s(t) = u− − u+

Inner expansion: u(x, t) = v0(y, t)+νv1(y, t)+ν2v2(y, t)+· · ·
=⇒ v0(y, t) =

1

2

(
u+ + u−

)
− s(t)

2
tanh

s(t) y

4

I Shocks dissipate kinetic energy if s = u− − u+ > 0

εD = ν

∫
(∂xu)2 dx '

∑

i

νs2i
4

∫ (
∂x tanh

si (x−x?i )
4ν

)2
dx = ρsL

12

〈
s3
〉

I Approach extended to other quantities: e.g., PDF p(ξ) of velocity gradients ∂xu
−∂ξ(ξ2p)− ξ p = Dν(ξ) + χ1 ∂

2
ξp (E & Vanden-Eijnden ’00)

with Dν = ν∂ξ
(
〈∂3
xu|∂xu = ξ〉 p

) ν→0−→ ρs
2

∫∞
0 s[p+(ξ, s) + p−(ξ, s)] ds
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Spatial intermittency

I Equivalent of the 4/5 law: S3(`) =
〈
δu3
〉
' −12 εI `, δu = u(x+ `)− u(x)

I Piecewise smoothness and finite number of shocks

=⇒ p(δu; `) ' 1
` p∂xu

(
δu
`

)
︸ ︷︷ ︸

from smooth pieces

+ ρs` psize(−δu)︸ ︷︷ ︸
from shocks

I Structure functions

Sp(`) = 〈δup〉 ' `p
∫
ξp p∂xu (ξ) dξ + (−1)pρs`

∫ ∞

0
sppsize(s) ds

Bifractal scaling: Sp(`) ∼ `ζp with ζp =

{
p p ≤ 1

1 p > 1

I Spatial intermittency is geometric in origin: isolated shocks (codimension one)
dominate high-order statistics, leading to saturation of scaling exponents
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Spontaneous stochasticity

I Lagrangian trajectories: non-uniqueness of backward
characteristics at shocks
When ν → 0 (Eyink & Drivas ’15):
P0(x,−t|x∗, 0) = 1

2δ(x− γ1(t)) + 1
2δ(x− γ2(t))

Direct relation between stochasticity of Lagrangian
trajectories and anomalous dissipation, and extreme
time asymmetry.
Occurs however on a set of zero space-time measure.

I Eulerian fields: The construction of the statistically stationary state implies a
one-force/one-solution principle. Viscosity solutions are unique and the dynamics
is not even chaotic.
No Eulerian spontaneous stochasticity at the level of the velocity field u, despite
stochasticity in the underlying Lagrangian dynamics.

16 / 18



Lessons from Burgers turbulence

Dissipation, intermittency, and stochasticity emerge from singular dynamics (shocks).

Anomalies are localized on shocks,
not distributed over a cascade
of interacting structures

Intermittency is geometric
and bifractal, no multifractal hierarchy

Stochasticity is Lagrangian, only
backward-in-time, exceptional

and localized, not pervasive
across scales.
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Open questions in Burgers turbulence

I Universality with respect to small-scale regularization
Does the inviscid-limit, shock-dominated Burgers phenomenology persist under
alternative regularizations (e.g. hyperviscosity, stochastic noise)? What happens if
the small-scale dynamics is fundamentally altered, potentially producing
spatiotemporal chaos as in Kuramoto–Sivashinsky?

I Scale-invariant forcing
When forcing is scale-invariant, the solution becomes Hölder-regular and shocks
can be dense. How to construct the steady-sate? Can this lead to Eulerian
spontaneous stochasticity and new intermittency mechanisms?
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