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Depinning example: Contact line wetting
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• isobutanol on a randomly 

silanized silicon wafer
• hydrogen on disordered 

Cesium substrate

(C) E. Rolley

avalanche

motion



 

0

10

20

30

40

50

60

85 170 255 340

 (µm) 
 




(µ

m
) 
sp

at
ia

lly
 

av
er

ag
ed

 h
ei

gh
t

plate position

height jumps = avalanches

avalanches

S



Theory and Experiments for Disordered Elastic Manifolds, Depinning, Avalanches, and Sandpiles 52

deformation, i.e. heat, at the crack front. The size of the
zone affected is the process zone. It ranges from ⇠ =
50±9µm for ceramics, over ⇠ = 170±12µm for aluminum
to ⇠ = 450 ± 35µm for mortar [361].

Fracture in thin sheets. In thin sheets, very different
roughness exponents have been reported: ⇣ = 0.48 ± 0.05
for polysterene, and ⇣ = 0.67 ± 0.05 for paper [365].
We may speculate that the larger one is related to directed
percolation (section 5.8).

Random fuse models. Random fuse models, a.k.a. damage
percolation, have been proposed [366] as a model for
fracture: Consider a regular lattice, where on each bond is
placed a fuse of unit resistance, and a random maximum
carrying capacity ic (maximal current), in most studies
drawn from a uniform distribution, ic 2 [0, 1]. The
system may be 2 or 3-dimensional, with a voltage applied
in one direction. To avoid finite-size effects due to
the electrodes, it is advantages to use periodic boundary
conditions [367], with an additional voltage gain V in one
dimension. The voltage is then ramped up from 0, until one
of the fuses exceeds its carrying capacity, at which point
it is considered broken, i.e. having an infinite resistance.
One then recalculates the current distribution and checks
whether another fuse breaks. If not, one increases the
applied voltage.

This is an interesting model for fracture: (i) by solving
the Laplace equation to find the current distribution, it
incorporates the elasticity of the bulk of the material,
providing an effective long-range elasticity; (ii) when a part
of the material is broken, it is removed. It incorporates
ingredients found in Laplacian walks (section 8.9) and DLA
(solving in both cases the Laplace equation to determine the
most likely point of action), and cellular automata as TL92
(section 5.7).

A roughness exponent of the fracture surface in d =
2 + 1 was reported to be ⇣ = 0.62 ± 0.05 [367], apparently
not too different from some experiments [367]. Other
authors focused on the distribution of strength, or broken

Partial anneal

Full anneal

No anneal

RNA

DNA

w

u

Figure 34. Peeling of a RNA-DNA double strand. The RNA sequence is
from subunit 23S of the ribosome in E. Coli, prolonged to attach the beads
(brown circles, with a much larger radius than drawn here). The DNA
sequence is its complement. The beads sit in an optical trap (blue), at a
distance w. (Drawing not to scale.) Fig. reprinted from [364].
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Figure 35. Left: A sample force-extension curve. For the data-analysis
only the last plateau part of the curve is used (in red). The effective
stiffness m2 in Eq. (302) is estimated from the slope of the green dashed
lines as m2 = 55 ± 5pN/µm at the beginning of the plateau, which
remains at least approximately correct at the end of the plateau. The
driving velocity is about 7nm/s. Fig. reprinted from [364].

fuses upon failure [368, 369, 370]. A variant is the fiber-
bundle model [371, 372].

3.17. Experiments for peeling and unzipping

There are two ways to open a double helix made out of
two complementary RNA or DNA strands, or one RNA
and its complementary DNA strand: peeling and unzipping.
In both cases beads are fixed to the molecules, and then
pulled in an optical or magnetic trap. In the literature, the
word peeling is used for the setup of Fig. 34, where forces
act along the helical axis from opposite extremities of a
duplex, and one of the two strands peels off. Unzipping
denotes an alternative setup where the right bead of Fig. 34
is attached to the free end of the upper strand. As the reader
can easily verify with a twisted thread, unzipping is much
easier to accomplish than peeling. Let us start with peeling
[364], for which a typical force-extension curve is shown in
Fig. 35. The stationary regime is the plateau part (in red).
Averaging over about 400 samples, the effective disorder
�(w) defined in Eq. (111) is measured. The resulting
curve, including error bars for the shape [364], is shown
in grey in Fig. 36, where it is compared to three theoretical
curves: an exponentially decaying function (red, dotted, top
curve), the DPM solution (366) for the Gumbel class (blue,
dashed, middle curve), and the 1-loop FRG solution given
by Eqs. (84) and (88), all rescaled to have the same value
and slope at u = 0. The experiment clearly favors the DPM
solution, best seen in the inset of Fig. 35. While this is
expected, it is a nice confirmation of the theory in a delicate
experiment.

One should be able to extract �(w) also from the
unzipping of a hairpin. Interestingly, experiments report

Peeling of an RNA/DNA double helix

optical traps 

Fw = m2(uw − w)At rest:
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deformation, i.e. heat, at the crack front. The size of the
zone affected is the process zone. It ranges from ⇠ =
50±9µm for ceramics, over ⇠ = 170±12µm for aluminum
to ⇠ = 450 ± 35µm for mortar [361].

Fracture in thin sheets. In thin sheets, very different
roughness exponents have been reported: ⇣ = 0.48 ± 0.05
for polysterene, and ⇣ = 0.67 ± 0.05 for paper [365].
We may speculate that the larger one is related to directed
percolation (section 5.8).

Random fuse models. Random fuse models, a.k.a. damage
percolation, have been proposed [366] as a model for
fracture: Consider a regular lattice, where on each bond is
placed a fuse of unit resistance, and a random maximum
carrying capacity ic (maximal current), in most studies
drawn from a uniform distribution, ic 2 [0, 1]. The
system may be 2 or 3-dimensional, with a voltage applied
in one direction. To avoid finite-size effects due to
the electrodes, it is advantages to use periodic boundary
conditions [367], with an additional voltage gain V in one
dimension. The voltage is then ramped up from 0, until one
of the fuses exceeds its carrying capacity, at which point
it is considered broken, i.e. having an infinite resistance.
One then recalculates the current distribution and checks
whether another fuse breaks. If not, one increases the
applied voltage.

This is an interesting model for fracture: (i) by solving
the Laplace equation to find the current distribution, it
incorporates the elasticity of the bulk of the material,
providing an effective long-range elasticity; (ii) when a part
of the material is broken, it is removed. It incorporates
ingredients found in Laplacian walks (section 8.9) and DLA
(solving in both cases the Laplace equation to determine the
most likely point of action), and cellular automata as TL92
(section 5.7).

A roughness exponent of the fracture surface in d =
2 + 1 was reported to be ⇣ = 0.62 ± 0.05 [367], apparently
not too different from some experiments [367]. Other
authors focused on the distribution of strength, or broken
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Figure 34. Peeling of a RNA-DNA double strand. The RNA sequence is
from subunit 23S of the ribosome in E. Coli, prolonged to attach the beads
(brown circles, with a much larger radius than drawn here). The DNA
sequence is its complement. The beads sit in an optical trap (blue), at a
distance w. (Drawing not to scale.) Fig. reprinted from [364].
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Figure 35. Left: A sample force-extension curve. For the data-analysis
only the last plateau part of the curve is used (in red). The effective
stiffness m2 in Eq. (302) is estimated from the slope of the green dashed
lines as m2 = 55 ± 5pN/µm at the beginning of the plateau, which
remains at least approximately correct at the end of the plateau. The
driving velocity is about 7nm/s. Fig. reprinted from [364].

fuses upon failure [368, 369, 370]. A variant is the fiber-
bundle model [371, 372].

3.17. Experiments for peeling and unzipping

There are two ways to open a double helix made out of
two complementary RNA or DNA strands, or one RNA
and its complementary DNA strand: peeling and unzipping.
In both cases beads are fixed to the molecules, and then
pulled in an optical or magnetic trap. In the literature, the
word peeling is used for the setup of Fig. 34, where forces
act along the helical axis from opposite extremities of a
duplex, and one of the two strands peels off. Unzipping
denotes an alternative setup where the right bead of Fig. 34
is attached to the free end of the upper strand. As the reader
can easily verify with a twisted thread, unzipping is much
easier to accomplish than peeling. Let us start with peeling
[364], for which a typical force-extension curve is shown in
Fig. 35. The stationary regime is the plateau part (in red).
Averaging over about 400 samples, the effective disorder
�(w) defined in Eq. (111) is measured. The resulting
curve, including error bars for the shape [364], is shown
in grey in Fig. 36, where it is compared to three theoretical
curves: an exponentially decaying function (red, dotted, top
curve), the DPM solution (366) for the Gumbel class (blue,
dashed, middle curve), and the 1-loop FRG solution given
by Eqs. (84) and (88), all rescaled to have the same value
and slope at u = 0. The experiment clearly favors the DPM
solution, best seen in the inset of Fig. 35. While this is
expected, it is a nice confirmation of the theory in a delicate
experiment.

One should be able to extract �(w) also from the
unzipping of a hairpin. Interestingly, experiments report

Force as a function of distance
for RNA/DNA peeling
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Force-force correlations

Δ(w − w′￼) := FwFw′￼

c ≡ FwFw′￼− Fw Fw′￼
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Figure 36. Measurements of �(w) (in grey), with 1-� error bars (green
shaded), compared to three theoretical curves: pure exponential decay
(dotted red), 1-loop FRG, Eq. (84) (black dot-dashed), and DPM, Eq.
(366) (blue dashed), all rescaled to have the same value and slope at u = 0.
Inset: theoretical curves with the data subtracted (same color code). The
blue curve is the closest to the data. The correlation length estimated from
�(w) is ⇠ = 0.055 ± 0.005µm ' 186 base pairs. Fig. reprinted from
[364].

that the scaling of Eq. (365) is replaced by [293]

⇢m ⇠ m�4/3, i.e. ⇣ =
4

3
. (436)

This is a clear signature of a different universality class,
namely “random-field” disorder in equilibrium, for which
the roughness exponent (83) to all orders in ✏ reads ⇣ =
✏/3; setting ✏ = 4 leads to Eq. (436). An analytic
solution is given in section 2.23. This scenario is possible
through the much larger effective stiffness m2 there, which
manifests itself in correlation lengths of ⇠ = 1 to 35 base
pairs, as compared to ⇠ = 186 base pairs for peeling.
Equilibrium is observed experimentally [293] through a
vanishing hysteresis curve.

3.18. Creep, depinning and flow regime

In section 1.7, Eqs. (45)-(47), we had argued that in
equilibrium the elastic energy scales as

Eel(`) ⇠ `✓, ✓ = 2⇣eq + d � ↵, (437)

and as long as ✓ > 0 the temperature T is irrelevant at
large scales. On the other hand, if the driving velocity
v = 0, and leaving the system enough time to equilibrate,
it will be in equilibrium. As sketched in Fig. 37, there
are three different fixed points: equilibrium (v = f = 0,
T ! 0), depinning (T = 0, v ! 0 or f ! fc),
and large v or f , for which we expect ⌘v = f . Let us
now consider perturbations of the equilibrium fixed point,
i.e. T small, and f ⌧ fc, commonly referred to as the
creep regime. Scaling arguments first proposed by Ioffe

f0
T=0T>0

f0

f≫ f

f

v

Figure 37. Sketch of velocity force curve at vanishing (T = 0, depinning)
and finite temperature (T > 0, creep). For an experimental test see Fig. 42.

and Vinokur [373], and Nattermann [374], were later put on
more solid ground via FRG [375, 143]. Scaling arguments
compare the elastic energy (437) with the energy gained
through the advance of the interface, i.e. an avalanche of
size S,

Ef (`) = �f

Z

x

�u(x) ⌘ �fS ⇠ �f`d+⇣eq . (438)

As ⇣eq < ↵, the energy Ef (`) dominates over Eel(`)
for large `, and the optimal fluctuation is obtained for
@`[Eel(`) + Ef (`)]

!
= 0, resulting in `

⇣eq�↵

opt
⇠ f, or

`opt ⇠ f�⌫eq , ⌫eq =
1

↵ � ⇣eq

, (439)

Eopt ⇠ f�µeq , µeq = ⌫eq✓ =
2⇣eq + d � ↵

↵ � ⇣eq

. (440)

This identifies the creep law as

v(f, T ) = v0 e�
T⇤
T ( fc

f )µeq

, f ⌧ fc. (441)

We remind that for depinning (see Eqs. (304) and (308))

v ⇠ (f � fc)
� , f � fc, (442)

and that for large f

v ' f

⌘
, f � fc. (443)

There are thus three regimes, sketched in Fig. 37: f ⌧ fc,
the creep regime discussed above, governed by the T = 0
equilibrium fixed point; T = 0, and f ⇡ fc, the depinning
fixed point; and the large-f and large-v regime, where the
disorder resembles a thermal white noise, with amplitude
proportional to 1/v. The latter can be understood from the
relation

�(w) ' �(w) = �(vt) =
1

v
�(t). (444)

More precisely, it looks like a thermal noise with
temperature

T =
1

v

Z
1

0

dw �(w). (445)

Le Doussal + Wiese 2006

toy model

exponential1-loop FRG

difference experiment - theory

Δ̃ − ln(Δ̃) = 1 +
w2

2

Δ̃(w) =
w2

2
+ Li2(1 − ew) +

π2

6



−
1
2 ∫x,t,t′￼

ũ(x, t)ũ(x, t′￼)Δ(u(x, t) − u(x, t′￼))

Field theory background

∂tu(x, t) = ∇2u(x, t) + m2[w − u(x, t)] + F(x, u(x, t))

Equation of motion (for SR elasticity for simplicity)

Forces are drawn from a Gaussian, and have correlations

F(x, u)F(x′￼, u′￼)c = δd(x − x′￼)Δ(u − u′￼)
Field theory (MSR) 

𝒮[ũ, u] = ∫x,t
ũ(x, t)[∂tu(x, t) − ∇2u(x, t) + m2(u(x, t) − w)]

renormalise

w = vtheight of the interface



Renormalization of (rescaled) disorder

−
md
dm

Δ̃(w) = (ϵ − 2ζ)Δ̃(w) + ζwΔ̃′￼(w) −
1
2

∂2
w [Δ̃(w) − Δ̃(0)]2

+
1
2

∂2
w {[Δ̃(w) − Δ̃(0)] Δ̃′￼(w)2 + Δ̃′￼(0+)2Δ̃(u)}

exponential

1-loop FRG
(d = dc)

d = 2 (Padé resummation)

Chauve, Le Doussal, Wiese 2004
Semeikin, Wiese 2023

d = 0 (toy model, 

Gumbel class)

Δ̃(w) =
w2

2
+ Li2(1 − ew) +

π2

6

Δ̃ − ln(Δ̃) = 1 +
w2

2

˜
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There are two steps left: first, rewrite Eq. (36) as a rule

�0(w) ! �e↵(w)� �
(1)�(w)� �

(2)�(w)� �
(3)�(w),

(38)
where as above �(i)�(w) are functions of the bare disorder
�0(w) (and its derivatives). Applying this rule three times to
@`�e↵(w) gives @`�e↵(w) as a function of �e↵(w) instead
of �0(w).

In a second step, define

�̃(w) := ✏I1m
2⇣�e↵(wm

�⇣). (39)

This rescaling with ✏I1 and the roughness exponent ⇣ allows
to obtain a fixed point. Rescaling with ✏I1 ⇠ m

�✏ instead of
m

�✏ eliminates cumbersome numerical factors.
This yields the �-function for the renormalized dimension-

less disorder �̃(w),

@`�̃(w) = (✏� 2⇣)�̃(w) + ⇣w�̃0(w)� @
2
w

h1
2
(�̃(0)� �̃(w))2

i

�@
2
w

h⇣
�

1

2
�
✏

4
+ C3✏

⌘⇣
�̃0(0+)2�̃(w) + (�̃(w)� �̃(0))�̃0(w)2

⌘i

�@
2
w

h3
4
⇣(3)

⇣
�̃0(w)4 � 2�̃0(0+)2�̃0(w)2 + 8�̃0(0+)2�̃00(0)�̃(w)

⌘

+ 2�̃0(w)2
⇣
�̃0(0+)2 + (�̃(w)� �̃(0))�̃00(w)

⌘

+ C3

⇣
(�̃(w)� �̃(0))2�̃00(w)2 �

1

2
�̃0(w)4 + (�̃(0)� �̃(w))�̃0(w)2�̃00(w)� 6�̃0(0+)2�̃00(0)�̃(w)

⌘i

+2�̃0(0+)2�̃00(w)2 +O(�̃5) (40)

C3 =
 
0( 13 )

6
�
⇡
2

9
. (41)

The first two terms are a consequence of the rescaling (39),
while the remaining ones are the direct loop corrections: the
1-loop term is on the first line, the 2-loop terms on the second
line, followed by the 3-loop contributions.

Let us compare this � function to the 3-loop result in equi-
librium, obtained in Ref. [66]. We see that the flow equations
differ by anomalies terms (terms proportional to �0(0+)2).
All additional terms (at depinning, as compared to equilib-
rium) are underlined in Fig. 3. Let us already point out that
in equilibrium the RF-fixed point discussed in the next section
has a trivial exponent of ⇣ = ✏/3 to all orders.

B. Fixed point

Eq. (40) has a discrete set of fixed points, among which one
is fully attractive, and represents the dominant random-field
universality class, see e.g. [33]. While we could in princi-
ple follow the flow to this attractive fixed point, it is better
to directly write down the fixed-point equation, which gives
⇣ and �̃(w) to 3-loop order. While at 1-loop order we can
do this analytically, much of the information for 2-loop and
3-loop order has to be obtained numerically. Useful analytic

constraints are obtained by integrating Eq. (40) over w,

0 =

Z 1

0
@`�̃(w)dw

= (✏� 3⇣)

Z 1

0
�̃(w)dw

�

⇣
1� 2C3✏+

✏

2

⌘
�̃0(0+)3

+3
⇣
2� 3C3 + 2⇣(3)

⌘
�̃0(0+)3�̃00(0)

+2�̃0(0+)2
Z 1

0
�̃00(w)2dw. (42)

We used that �̃(w) is decaying fast to zero for w ! 1,
thus all boundary terms at infinity vanish. In particular
limw!1 w�̃(w) = limw!1 �̃0(w) = ... = 0. We make
the ansatz

�̃(w) =
✏

3
y(w) +

✏
2

18
y2(w) + ✏

3
y3(w) (43)

⇣ =
✏

3
+ ⇣2✏

2 + ⇣3✏
3 + ... (44)

y(0) = 1, y2(0) = 0, y3(0) = 0. (45)

(The numerical factors 1/3 and 1/18 are for historical rea-
sons, to agree with the conventions of [47]).

C. 1-loop order

After integrating the 1-loop solution twice, this yields (see
e.g. [33], section 2.6)

w
2

2
� y(w) + log(y(w)) + 1 = 0. (46)

C3 =
ψ′￼( 1

3 )

6
−

π2

9

Renormalization of disorder at 3 loops
Semeikin, Wiese 2023

Critical force at 3-loop order is universal !
fc = f0 − ℬρmm2 + 𝒪(m2),

ℬ = 1 + 0.070061ϵ + 0.0127138ϵ2 + 𝒪(ϵ3)

Who can measure
it for me ?

12

d = 1 d = 2 d = 3 d = 4

B (direct) 1.32 1.19 1.08 1

⇣B (Padé-Borel) 1.21 0.78 0.374 0

B (using ⇣B) 0.96 1.036 1.048 1

B (estimate and error bars) 1.3(4) 1.1(1) 1.06(2) 1

B (numerics) 1.8(2) - - -

TABLE II. Values for B using either a direct resummation of B in
Eq. (108) (first line), or the combination ⇣B (second), which is then
divided by the numerically known value of ⇣ (third line). The fourth
line is an estimate, based on the trend of the direct extrapolation,
and our lack of confidence in the precision of the results. For the
numerical value see section VI D.

V. CRITICAL FORCE FOR CDWS

A. Summary of known results

In [30, 78] it was shown that charge-density waves at depin-
ning map onto the O(n) model in the limit of n ! �2. The
latter further maps onto loop-erased random walks [30, 78–
80]. In particular, the dynamic exponent z in CDWs equals
the fractal dimension of loop-erased random walks. In �

4-
theory, this fractal dimension is given by the dimension of the
traceless rank-2 tensor,

T
ij = �

i
�
j
� �

ij 1

n

nX

k=1

(�k)2. (110)

An interesting question is whether the critical force also has
a representation in �

4 theory. We show below that this is the
case, and the critical force formally behaves as a logarithmic
opeartor in a log-CFT.

B. Critical force for CDWs

We first consider the CDW side. Following the conven-
tions of Ref. [78], we parameterize the disorder-force correla-
tor �(u) for CDWs as

�(u) = �(0)�
g

2
u(1� u). (111)

The fixed point for the �-function (40) is

�(0) =
✏

36
+

✏
2

108
�

✏
3

648
(1 + 18C3) +O(✏4), (112)

g =
✏

3
+

2✏2

9
+

✏
3

9

⇥
1� 2C3 � 2⇣(3)

⇤
+O(✏4). (113)

Thus �000(0+) = 0, and Eq. (95) for the critical force simpli-
fies to

fc =
g

2
�

g
2

2
+

3

2
g
3 + ... (114)

C. �(2) as a function of n

The vector �4-theory related to CDWs is [78]

S[~�] =

Z

x

1

2

h
~�(x)2

i
+

m
2

2
~�(x)2 +

g

8

h
~�(x)2

i2
. (115)

In these conventions, comparable quantities are related, e.g.
the coupling constants g in Eqs. (111) and (115) are identical.
Using the same RG scheme, also all RG functions, and the
coupling at the fixed point given in Eq. (113) are identical. In
this framework, we now evaluate the effective action, �[�] =
m2

2 �
2 + O(g), equivalent to �(2) = m

2 + O(g). The result
up to 4-loop order reads

�(2)
�m

2 = �
g(n+ 2)

2
(116)

+
g
2(n+ 2)2

4
+

g
2(n+ 2)

2

�
1

8
g
3(n+ 2)3 �

1

4
g
3(n+ 2)2

�
1

8
g
3(n+ 2)3 �

1

4
g
3(n+ 2)(n+ 8)

�
3

4
g
3(n+ 2)2

+
1

4
g
4(n+ 2)(5n+ 22)

+
1

8
g
4(n+ 2)(n2 + 6n+ 20)

+
1

4
g
4(n+ 2)(5n+ 22)

+O(g4, (n+ 2)2) (117)

By inspection one sees that fc is related to the dominant con-
tribution in the limit of n ! �2,

�
@

@n
�(2)

���
n=�2

=
g

2
�

g
2

2
+

3g3

2

�3g4 �
3g4

2
� 3g4

+O(g5), (118)

where the 4-loop contribution was not checked at depinning.
We conjecture that to all orders in perturbation theory

fc = �
@

@n
�(2)

����
n=�2

. (119)

PHYSICAL REVIEW B 109, 134203 (2024)

Roughness and critical force for depinning at 3-loop order
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A d-dimensional elastic manifold at depinning is described by a renormalized field theory, based on the
functional renormalization group (FRG). Here, we analyze this theory to 3-loop order, equivalent to third
order in ε = 4 − d , where d is the internal dimension. The critical exponent reads ζ = ε

3 + 0.04777ε2 −
0.068354ε3 + O(ε4). Using that ζ (d = 0) = 2−, we estimate ζ (d = 1) = 1.266(20), ζ (d = 2) = 0.752(1), and
ζ (d = 3) = 0.357(1). For Gaussian disorder, the pinning force per site is estimated as fc = Bm2ρm + f 0

c ,
where m2 is the strength of the confining potential, B a universal amplitude, ρm the correlation length of the
disorder, and f 0

c a nonuniversal lattice-dependent term. For charge-density waves, we find a mapping to the
standard φ4 theory with O(n) symmetry in the limit of n → −2. This gives fc = Ã(d )m2 ln(m) + f 0

c , with
Ã(d ) = −∂n[ν(d, n)−1 + η(d, n)]n=−2, reminiscent of logarithmic conformal field theories.
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I. INTRODUCTION

Many disordered elastic systems undergo a depinning
transition. Examples are magnetic domain walls [1–8], earth-
quakes [9–16], contact lines [17–24], vortex lattices [25–29],
charge-density waves (CDWs) [14,25,30–32], and many
more, see the recent review [33].

They all evolve via an overdamped Langevin equation for
the position u(x, t ) of site x at time t :

η∂t u(x, t ) = ∇2u(x, t ) + m2[w − u(x, t )] + F (x, u(x, t )).
(1)

The second term on the right-hand side stems from a confining
potential of strength m2, centered at w. Increasing w adia-
batically slowly drives the system. The last term F (x, u) is a
short-range correlated random force, possibly the u derivative
of a random potential. It is assumed to be Gaussian with
variance (connected part):

F (x, u)F (x′, u′)
c = δd (x − x′))0(u − u′). (2)

The overbar denotes a disorder average.
The field theory of depinning is by now well established

(see the review [33]). It relies on a functional renormalization
group (FRG) for the disorder correlator )(u), starting from
the microscopic disorder )0(u). This idea, already present in
the seminal works of Wilson [34] and Wegner and Houghton
[35], was recognized as crucial by Fisher [36–38], Middleton
and Fisher [39], Narayan and Fisher [40–42], and Balents and
Fisher [43] as well as Nattermann et al. [44] and Leschhorn
et al. [45]. Later, Chauve et al. [46] and Le Doussal et al.
[47,48] showed that, both in equilibrium and at depinning,
a consistent field theory exists up to 2-loop order. This field
theory allows us to deal with the many nontrivial observables
arising for pinned manifolds and especially to treat quanti-
tatively avalanches [49–59], including their distributions of
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size, velocity, and shape in good agreement with simulations
[50,51,60] and experiments [6].

Systems at depinning are characterized by a jerky motion
for their centers of mass uw:

uw := 1
Ld

∫
dd x u(x, t ). (3)

Here, L is the size of the system, and the integral is evaluated
once all motion has stopped. The index w refers to the posi-
tion of the confining potential, which is adiabatically slowly
moved forward. The central ingredient of the field theory is
the renormalized force correlator, defined by the connected
average:

)(w − w′) := m4Ld (w − uw )(w′ − uw′ )
c
. (4)

On one hand, it can be calculated in a loop expansion, equiv-
alent to an expansion in ε = 4 − d , where d is the internal
dimension of the manifold. On the other hand, the prescription
in Eq. (4) can be tested in simulations [61,62] and experiments
[8,63–65]. For equilibrium, the loop expansion was extended
to 3-loop order in Refs. [66,67]. Here, we report 3-loop results
for the β function and the critical force at depinning. Our first
central result is the roughness exponent ζ :

ζ = ε

3
+ 0.047 770 971 5ε2 − 0.068 354 4(2)ε3 + O(ε4).

(5)
It can numerically be measured by considering the finite-size
scaling of the 2-point function in the limit of m → 0:

∫

x,y
[u(x) − u(y)]2 ∼ L2d+2ζ , (6)

or for a finite m:

[u(x) − u(y)]2 ∼ m−2ζ for m|x − y| & 1. (7)

The second relevant observable is the critical force per site
(force density):

fc := m2(w − uw ) ≡ −F (x, u(x, t )). (8)
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FIG. 1. Barkhausen noise in a 200 nm ribbon of FeSiB, a bulk magnet with SR elasticity. The signal in (a) is characterised by sudden bursts of
activity which are recorded as an electric current, due to a change in the magnetic flux. Amplifier noise is visible, leading to negative u̇w. (b)
The connected part of the interface position, w � uw, obtained after integration. The linearly increasing parts have slope one by construction,
and correspond to an increasing magnetic field, followed by sudden jumps in force when the domain wall moves forward.*** w = 1 is 10000
frames.

II. MEASUREMENT PROCEDURE

Eq. (3) above uses uw, the position of the center of mass
of the interface. The data at our disposal is the change in the
magnetic flux, itself proportional to the center-of-mass veloc-
ity u̇w. As can be seen in Fig. 1a, this signal is characterized
by bursts when the domain wall moves forward, and a van-
ishing signal when the domain wall is at rest, plus some addi-
tional white noise from the measurement device3. This allows
us to reconstruct uw, see Fig. 1b. The domain-wall position
uw is characterized by linearly increasing parts corresponding
to an increasing magnetic field (i.e. w), followed by sudden
drops in w� uw when the domain wall moves forward. Since
the linear increase is due to w, its slope is one. Quite strik-
ingly, this allows us to reconstruct the scale of w � uw from
the measurement itself, reducing the unknown scales in the
experiment to a single one! Details of the construction of uw

from u̇w are discussed in appendix B.
Our definition (3) for �v(w) depends on the driving veloc-

ity v. What we are after is its zero-velocity limit,

�(w) = lim
v!0

�v(w). (5)

The observable �(w) is the central object of our work. It
is also the central object of the field theory, necessary for all
quantitative predictions [6, 18, 28–30]. In an experiment it
is not possible to take the limit of v ! 0. The effect of the
finite driving velocity v is to round the cusp |�0(0+)| = �
(see Eq. (4)) in a boundary layer of size �w ⇠ v⌧ , where ⌧

3 Since the interface only moves forward [26] u̇w � 0, incidences on Fig. 1
violating this condition are due to noise.

is the timescale set by the response function R(t) ' 1
⌧ e

�t/⌧ ,
see Fig. 2c for an example. One can show [23] that

�v(w) =

Z 1

0
dt

Z 1

0
dt0R(t)R(t0)�(w � v(t� t0)). (6)

In appendix D we summarize the method of [23] to recon-
struct �(w) from the measured �v(w). The result is

�(w) = �v(w) + ⌧2�u̇(w), (7)

where �u̇(w) is the auto-correlation function of u̇w, read-
ily accessible in a Barkhausen experiment. This allows us to
extract the correlation function �(w) in Eq. (5), by plotting
the r.h.s. and finding the time scale ⌧ that best eliminates the
boundary layer. As we demonstrate below, Eq. (7) allows us
to eliminate a relatively large boundary layer of size �w = v⌧
but it creates a smaller one of size �0w = v⌧ 0. This we believe
is due to additional fast modes contributing to the response
function in Eq. (6). This is further discussed in appendix E.

In the small-v limit Eq. (6) can be approximated by a
boundary-layer ansatz [23]. Whereas this method may be
more robust for noisy data, it is less precise. We discuss this
in appendix D.

III. RESULTS

***Gianfranco: The results are in units where the small-
est driving velocity is set to 1. For better visibility, axes
have been rescaled by powers of 10, indicated in the captions.
Timescales cited are in units of frames.***

From the samples at our disposal we retain four, summa-
rized in table II: two SR ones and two LR ones, and for each

current in a pickup coil ……… allows to construct :

Δ̂v(w − w′￼) := [w − uw] [w′￼− uw′￼]
c

=
1

m4
FwFw′￼

c

eliminate one unknown scale by the definition  

(data by F. Bohn, G. Durin, R.L. Sommer)
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FIG. 2. (a) Construction of the fixed-point function �(w) for a 200 nm ribbon of a FeSiB bulk magnet (SR elasticity, no eddy currents). In
red the raw data. In blue dashed, the result from Eq. (7) using ⌧ = 1700. In green dotted the extrapolation to w = 0. The small remaining
peak (black dashed minus green dotted), attributed to noise from the amplifier, is at a much smaller time scale.
(b) Comparison of the fixed-point function using the green curve of (a), to theoretical candidates, fixing scales by �(0) and �0(0+). The
theory candidates from top to bottom are: exponential function (red, dotted), solution in d = 0 [23, 27] (blue, dashed), 2-loop FRG for d = 2
obtained by Pade resummation (orange, dotted), 1-loop FRG solution, valid for d = dc (black, dot-dashed). Error bars in green represent 1-�
confidence intervals. The inset shows theory minus data in the corresponding color code, favoring the d = 2 fixed point at two loop (with error
bars for this curve only). For better visibility w-axes have been rescaled by 104.
(c) Check of the unfolding procedure (7) for a 25 gr FeCoB bulk magnet (SR elasticity, noticeable eddy currents), at different driving velocities
v, using the same time scale ⌧ = 250; magnified in the inset. Apart from a small deviation for v = 3 they extrapolate to the same function.
(d) Comparison of �(w) from (c) to the theoretical candidates, using the same color code as in Fig. (b). The data is consistent with the 2-loop
FRG fixed point at " = 2. For better visibility w-axes have been rescaled by 104.

sample material interactions eddy currents

1 200nm ribbon of FeSiB SR no
2 25gr FeCoB bulk magnet SR yes
3 200nm Py thin film LR no
4 FeSi 7.8% bulk magnet LR yes

TABLE I. The four samples.

class one without, and one with noticeable eddy current ef-
fects. We start our analysis with the SR samples.

Short-range sample without eddy currents. The first sam-
ple is a 200nm ribbon of FeSiB. As one can see on Fig. 2a,
the raw data for �(w) are rounded in a boundary layer of
size �w ⇡ 0.6, due to the finite driving velocity. To ob-
tain the zero-driving-velocity limit �(w), we use Eq. (7) with
⌧ = 1700. This reduces the boundary layer (non-straight part)

Magnetic domain walls SR elasticity (d = 2)
^

^ ^
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FIG. 3. The measured function �(w) for two LR samples: (a) a 200nm Py thin film (with negligible eddy currents); (b) FeSi 7.8% (with eddy
currents). Both measurements are in agreement with the 1-loop FRG fixed point.

from �w ⇡ 0.6 (in red, solid) to �w ⇡ 0.1 (in blue, dashed),
allowing us to extrapolate to w = 0 (shown in dotted grey). It
is this curve we report as our final result on Fig. 2b (in solid
grey).

The measured values for �(0) and �0(0+) are then used
to fix all scales in the fixed-point functions we wish to com-
pare to on Fig. 2b. These are from bottom to top (analytic
expressions are given in appendix C): 1-loop FRG (black, dot-
dashed, relevant for d = dc, i.e. LR elasticity), 2-loop FRG in
d = 2 (relevant for SR elasticity, in orange, dotted) [19, 20],
the d = 0 solution [23, 27] (blue, dashed) and a pure exponen-
tial (red, dotted), the latter, not realized in magnets, given as
reference points. The data agree best, and within error bars,
with the 2-loop FRG fixed point predicted by the theory for
d = 2. We note that from Fig. 2b we extract a correlation
length ⇢ := �(0)/�0(0) ⇡ 3. This is in agreement with the
scale on which �u̇(w) decays to 0 (see Fig. 8a in appendix
G).
Short-range sample with eddy currents. Our second sam-
ple with SR elasticity is a 25gr FeCoB bulk magnet where
eddy currents are non-negligible. Here a range of different
driving velocities is at our disposal. As eddy-current effects
and non-linearities become more relevant as v increases, we
focus on the small-v limit of v = 1, 2, 3. Whereas for the
previous sample, finding �v(0) was sufficient, here there is
additional (white) noise contributing to u̇. After integration
this contributes a linear function to �(w), and what we mea-
sure is

�raw
v (0)��raw

v (w) = �v(0)��v(w) + �noise|w|, (8)

necessitating to subtract a linear term �noise|w| (see Fig. 9).
Fig. 2c shows �v(w) after this subtraction, for driving veloci-
ties v = 1, 2, 3 in blue, red and green. The inset shows a zoom
into the boundary layer with unfolding by Eq. (7) shown in the
same colour code. Having data at different v at our disposal

allows us to test that

(i) the boundary layer scales linearly in v, i.e. �w ⇠ v⌧ .

(ii) �v(w) for v = 1, 2, 3 unfold to the same �(w).

Both conditions are satisfied using ⌧ = 250. Comparison to
the fixed-point candidates proceeds as before and is shown in
Fig. 2d, using both v = 1 and v = 2 to improve the statis-
tics. Although the error bars are non-negligible, the data is
in agreement with the predicted 2-loop fixed point in d = 2,
as for the SR sample without eddy currents shown in Fig. 2b.
Note though that for w > 0.7 we observe a slower decay and
the data slightly deviates from the 2-loop result, albeit well
within error bars. We do not know whether this is a statistical
fluctuation, or an effect due to the eddy currents.
Long-range sample without eddy currents. Long-ranged
elasticity arises in materials, here an 200nm Py thin film,
with strong dipolar interactions between the magnetic domain
walls. For long-ranged elasticity the upper critical dimension
dc = 2 coincides with the dimension of the domain wall. The
common belief is that then MF theory, i.e. the ABBM model,
is sufficient to describe the system. A glance at Fig. 3a shows
that the experimental result is in contradiction to the predic-
tion (4) of the ABBM model. While the latter holds at small
w, at larger w the correlator �(w) decays to zero. Field the-
ory predicts [19, 20, 31, 32] that fluctuations are relevant at
the upper critical dimension, and that the correlator �(w) is
given by the 1-loop FRG fixed point. Fig. 3a shows that this
is indeed the case.
Long-range sample with eddy currents. Our final sample is
a FeSi 7.8% bulk magnet where the elasticity is long-ranged
and eddy currents non-negligible. Fig. 3b shows a comparison
of the unfolded data to the four theoretical candidates. As
for the LR sample without eddy currents, the agreement is
excellent with the 1-loop FRG solution, and inconsistent with

Magnetic domain walls (d = 2) with LR elasticity

• 1-loop FRG gives fixed point.

• this is not ABBM disorder:

• ABBM only gives short-scale behavior correctly

Δ(0) − Δ(w) ≠ σ |w |

^
^ ^
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Periodically sheared colloids

γ(t) = γ0 cos(ωt)

Phenomenology:
• phase transition
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Figure 1 Schematic representation of one cycle of the collision model, in which
particles that collide when sheared are given small random displacements.
Each shear cycle is decomposed into three steps: (i) determine particle positions
(black dots); (ii) shear the system by a strain amplitude γ0 and find particle pairs that
collide (that is, come within a distance d of each other, indicated by overlapping red
circles of diameter d ); (iii) reset the initial positions and randomly displace particles
that collided (dashed red circles → blue circles). For each shear cycle, particles are
displaced as many times as they collide. The chance of particles colliding increases
with the strain amplitude γ0 and volume fraction φ.

are self-organized to avoid collisions, resulting from a process of
‘random organization’.

To gain some intuition, we first describe a one-dimensional
version of our model. To start, N point particles are randomly
distributed along a line of length L. Next, one of the particles
is displaced a distance l along the line, possibly encountering
other particles, and then returned to its initial position. For each
encounter, both the displaced particle and the one it encounters
are given random displacements of maximum amplitude ε from
their initial positions, which can increase or decrease the distance
#x between them. This process is repeated cyclically for all
the particles.

According to these rules, particles in regions where #x ≤ l
receive random displacements and are active, and thus undergo
diffusive motion. In regions with #x > l, particles do not
encounter each other and are inactive, with particles returning
after each cycle to their initial positions. Active regions can
activate neighbouring inactive regions and the process can
continue forever, provided there is always some region where
#x ≤ l (see Supplementary Information, video S1). However, if a
configuration develops where #x > l for all neighbouring particle
pairs, there are no more displacements and dynamics cease (see
Supplementary Information, video S2). The system has reached an
absorbing state.

It is clear that at l= L/N , the inverse density, there is a unique
absorbing state: all particles are equidistant with #x = L/N . For
l > L/N , there are no absorbing states; motion can never cease
and particles diffuse. For l < L/N , there is an infinite number
of absorbing states. Our simulations show that there is a phase
transition at a critical value lc # 0.91±0.01L/N characterized by
an order parameter, the steady-state fraction of active particles f ∞

a ,
which for l→ l+c scales as f ∞

a ∼ [(l− lc)/lc]β with β # 0.42±0.10.
Thus, there exist absorbing states for l> lc that are not found.

For l < lc the system finds an absorbing state in a finite time
t = τ (number of cycles). For l → l−c the relaxation time τ diverges
as τ ∼ [(lc− l)/lc]−ν with ν#2.48±0.10, and is independent of the
system size for large systems. For l> lc the time to establish a steady
state likewise shows power-law behaviour, τ ∼ [(l− lc)/lc]−ν. Unlike
the ‘protein-folding problem’, where the time to search for a unique
folded state by a random walk diverges as the size increases21, here
the time to find one of the infinite number of absorbing states is
finite. The exponents β and ν, which characterize the asymptotic
critical behaviour of the order parameter f ∞

a and the relaxation
time τ, do not correspond to those found for DP (βDP # 0.276
and νDP # 1.73); therefore, our model does not belong to the DP
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Figure 2 Simulation results for the 2D model, showing particle activity above
and below the strain threshold. a,b, Snapshots of the particle distributions for two
strain amplitudes γ0 = 3.0 and 2.0, area fraction φ= 0.2 and 1,000 particles. The
number of shear cycles that have passed is indicated below each snapshot. Filled
black circles indicate particles that will collide and thus be irreversibly displaced in
the next shear cycle; open circles indicate particles whose trajectories are reversible.
The shear flow direction is horizontal. c, Fraction of active particles per cycle fa as a
function of number of shear cycles for the two different strain amplitudes shown in a
and b: γ0 = 3.0 (red) and γ0 = 2.0 (blue). Full lines show fits to equation (1). Inset:
Fraction of active particles in steady state as a function of strain amplitude γ0. The
full line in the inset shows the scaling f ∞

a ∼ |γ0 − γ c
0|β where β= 0.45±0.02,

obtained by a fit to the data. The blue and red data points indicate the data below
(f ∞
a = 0) and above (f ∞

a > 0) the critical strain amplitude γ c
0 .

universality class, as expected, because the number of particles is
conserved in our model whereas in DP it is not22,23.

A 2D version of the model mimics a suspension of particles
subjected to periodic shear, as illustrated in Fig. 1. First, N = 1,000
discs are randomly distributed in a two-dimensional rectangular
box. The interaction distance d sets the unit of length and the area
of the box A is chosen to obtain the desired area (2D volume)
fraction φ = Nπd2/4A. The system is sheared with a strain
amplitude γ0, which causes some particles to encounter each other,
as illustrated in Fig. 1. As in the one-dimensional case, particles
that collide are given a random displacement from their initial
position. The net displacement of a particle after one cycle is
zero if it does not encounter any other particle. The direction of
the random displacements is uniformly distributed in the plane
and their amplitude is uniformly distributed between zero and a
maximum value ε, typically a fraction of a particle diameter d.
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Figure 1 Schematic representation of one cycle of the collision model, in which
particles that collide when sheared are given small random displacements.
Each shear cycle is decomposed into three steps: (i) determine particle positions
(black dots); (ii) shear the system by a strain amplitude γ0 and find particle pairs that
collide (that is, come within a distance d of each other, indicated by overlapping red
circles of diameter d ); (iii) reset the initial positions and randomly displace particles
that collided (dashed red circles → blue circles). For each shear cycle, particles are
displaced as many times as they collide. The chance of particles colliding increases
with the strain amplitude γ0 and volume fraction φ.

are self-organized to avoid collisions, resulting from a process of
‘random organization’.

To gain some intuition, we first describe a one-dimensional
version of our model. To start, N point particles are randomly
distributed along a line of length L. Next, one of the particles
is displaced a distance l along the line, possibly encountering
other particles, and then returned to its initial position. For each
encounter, both the displaced particle and the one it encounters
are given random displacements of maximum amplitude ε from
their initial positions, which can increase or decrease the distance
#x between them. This process is repeated cyclically for all
the particles.

According to these rules, particles in regions where #x ≤ l
receive random displacements and are active, and thus undergo
diffusive motion. In regions with #x > l, particles do not
encounter each other and are inactive, with particles returning
after each cycle to their initial positions. Active regions can
activate neighbouring inactive regions and the process can
continue forever, provided there is always some region where
#x ≤ l (see Supplementary Information, video S1). However, if a
configuration develops where #x > l for all neighbouring particle
pairs, there are no more displacements and dynamics cease (see
Supplementary Information, video S2). The system has reached an
absorbing state.

It is clear that at l= L/N , the inverse density, there is a unique
absorbing state: all particles are equidistant with #x = L/N . For
l > L/N , there are no absorbing states; motion can never cease
and particles diffuse. For l < L/N , there is an infinite number
of absorbing states. Our simulations show that there is a phase
transition at a critical value lc # 0.91±0.01L/N characterized by
an order parameter, the steady-state fraction of active particles f ∞

a ,
which for l→ l+c scales as f ∞

a ∼ [(l− lc)/lc]β with β # 0.42±0.10.
Thus, there exist absorbing states for l> lc that are not found.

For l < lc the system finds an absorbing state in a finite time
t = τ (number of cycles). For l → l−c the relaxation time τ diverges
as τ ∼ [(lc− l)/lc]−ν with ν#2.48±0.10, and is independent of the
system size for large systems. For l> lc the time to establish a steady
state likewise shows power-law behaviour, τ ∼ [(l− lc)/lc]−ν. Unlike
the ‘protein-folding problem’, where the time to search for a unique
folded state by a random walk diverges as the size increases21, here
the time to find one of the infinite number of absorbing states is
finite. The exponents β and ν, which characterize the asymptotic
critical behaviour of the order parameter f ∞

a and the relaxation
time τ, do not correspond to those found for DP (βDP # 0.276
and νDP # 1.73); therefore, our model does not belong to the DP
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Figure 2 Simulation results for the 2D model, showing particle activity above
and below the strain threshold. a,b, Snapshots of the particle distributions for two
strain amplitudes γ0 = 3.0 and 2.0, area fraction φ= 0.2 and 1,000 particles. The
number of shear cycles that have passed is indicated below each snapshot. Filled
black circles indicate particles that will collide and thus be irreversibly displaced in
the next shear cycle; open circles indicate particles whose trajectories are reversible.
The shear flow direction is horizontal. c, Fraction of active particles per cycle fa as a
function of number of shear cycles for the two different strain amplitudes shown in a
and b: γ0 = 3.0 (red) and γ0 = 2.0 (blue). Full lines show fits to equation (1). Inset:
Fraction of active particles in steady state as a function of strain amplitude γ0. The
full line in the inset shows the scaling f ∞

a ∼ |γ0 − γ c
0|β where β= 0.45±0.02,

obtained by a fit to the data. The blue and red data points indicate the data below
(f ∞
a = 0) and above (f ∞

a > 0) the critical strain amplitude γ c
0 .

universality class, as expected, because the number of particles is
conserved in our model whereas in DP it is not22,23.

A 2D version of the model mimics a suspension of particles
subjected to periodic shear, as illustrated in Fig. 1. First, N = 1,000
discs are randomly distributed in a two-dimensional rectangular
box. The interaction distance d sets the unit of length and the area
of the box A is chosen to obtain the desired area (2D volume)
fraction φ = Nπd2/4A. The system is sheared with a strain
amplitude γ0, which causes some particles to encounter each other,
as illustrated in Fig. 1. As in the one-dimensional case, particles
that collide are given a random displacement from their initial
position. The net displacement of a particle after one cycle is
zero if it does not encounter any other particle. The direction of
the random displacements is uniformly distributed in the plane
and their amplitude is uniformly distributed between zero and a
maximum value ε, typically a fraction of a particle diameter d.
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Figure 1 Schematic representation of one cycle of the collision model, in which
particles that collide when sheared are given small random displacements.
Each shear cycle is decomposed into three steps: (i) determine particle positions
(black dots); (ii) shear the system by a strain amplitude γ0 and find particle pairs that
collide (that is, come within a distance d of each other, indicated by overlapping red
circles of diameter d ); (iii) reset the initial positions and randomly displace particles
that collided (dashed red circles → blue circles). For each shear cycle, particles are
displaced as many times as they collide. The chance of particles colliding increases
with the strain amplitude γ0 and volume fraction φ.

are self-organized to avoid collisions, resulting from a process of
‘random organization’.

To gain some intuition, we first describe a one-dimensional
version of our model. To start, N point particles are randomly
distributed along a line of length L. Next, one of the particles
is displaced a distance l along the line, possibly encountering
other particles, and then returned to its initial position. For each
encounter, both the displaced particle and the one it encounters
are given random displacements of maximum amplitude ε from
their initial positions, which can increase or decrease the distance
#x between them. This process is repeated cyclically for all
the particles.

According to these rules, particles in regions where #x ≤ l
receive random displacements and are active, and thus undergo
diffusive motion. In regions with #x > l, particles do not
encounter each other and are inactive, with particles returning
after each cycle to their initial positions. Active regions can
activate neighbouring inactive regions and the process can
continue forever, provided there is always some region where
#x ≤ l (see Supplementary Information, video S1). However, if a
configuration develops where #x > l for all neighbouring particle
pairs, there are no more displacements and dynamics cease (see
Supplementary Information, video S2). The system has reached an
absorbing state.

It is clear that at l= L/N , the inverse density, there is a unique
absorbing state: all particles are equidistant with #x = L/N . For
l > L/N , there are no absorbing states; motion can never cease
and particles diffuse. For l < L/N , there is an infinite number
of absorbing states. Our simulations show that there is a phase
transition at a critical value lc # 0.91±0.01L/N characterized by
an order parameter, the steady-state fraction of active particles f ∞

a ,
which for l→ l+c scales as f ∞

a ∼ [(l− lc)/lc]β with β # 0.42±0.10.
Thus, there exist absorbing states for l> lc that are not found.

For l < lc the system finds an absorbing state in a finite time
t = τ (number of cycles). For l → l−c the relaxation time τ diverges
as τ ∼ [(lc− l)/lc]−ν with ν#2.48±0.10, and is independent of the
system size for large systems. For l> lc the time to establish a steady
state likewise shows power-law behaviour, τ ∼ [(l− lc)/lc]−ν. Unlike
the ‘protein-folding problem’, where the time to search for a unique
folded state by a random walk diverges as the size increases21, here
the time to find one of the infinite number of absorbing states is
finite. The exponents β and ν, which characterize the asymptotic
critical behaviour of the order parameter f ∞

a and the relaxation
time τ, do not correspond to those found for DP (βDP # 0.276
and νDP # 1.73); therefore, our model does not belong to the DP
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Figure 2 Simulation results for the 2D model, showing particle activity above
and below the strain threshold. a,b, Snapshots of the particle distributions for two
strain amplitudes γ0 = 3.0 and 2.0, area fraction φ= 0.2 and 1,000 particles. The
number of shear cycles that have passed is indicated below each snapshot. Filled
black circles indicate particles that will collide and thus be irreversibly displaced in
the next shear cycle; open circles indicate particles whose trajectories are reversible.
The shear flow direction is horizontal. c, Fraction of active particles per cycle fa as a
function of number of shear cycles for the two different strain amplitudes shown in a
and b: γ0 = 3.0 (red) and γ0 = 2.0 (blue). Full lines show fits to equation (1). Inset:
Fraction of active particles in steady state as a function of strain amplitude γ0. The
full line in the inset shows the scaling f ∞

a ∼ |γ0 − γ c
0|β where β= 0.45±0.02,

obtained by a fit to the data. The blue and red data points indicate the data below
(f ∞
a = 0) and above (f ∞

a > 0) the critical strain amplitude γ c
0 .

universality class, as expected, because the number of particles is
conserved in our model whereas in DP it is not22,23.

A 2D version of the model mimics a suspension of particles
subjected to periodic shear, as illustrated in Fig. 1. First, N = 1,000
discs are randomly distributed in a two-dimensional rectangular
box. The interaction distance d sets the unit of length and the area
of the box A is chosen to obtain the desired area (2D volume)
fraction φ = Nπd2/4A. The system is sheared with a strain
amplitude γ0, which causes some particles to encounter each other,
as illustrated in Fig. 1. As in the one-dimensional case, particles
that collide are given a random displacement from their initial
position. The net displacement of a particle after one cycle is
zero if it does not encounter any other particle. The direction of
the random displacements is uniformly distributed in the plane
and their amplitude is uniformly distributed between zero and a
maximum value ε, typically a fraction of a particle diameter d.
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Fig. 1. Schematics indicating an observation window ⌦ , in this case a circular window in two dimensions, and its centroid x0 for a disordered
nonhyperuniform (left panel), periodic (middle panel), and disordered hyperuniform (right panel) point configurations. In each of these examples, the
density of points within a window will fluctuate as the window position varies. Appendix briefly describes the related problem of determining how the
number of points grows with window size when the window position is fixed and centered at one of the points of the point configuration.

Fig. 2. Number variance � 2
N
(R), scaled by R3, versus R for four different many-particle systems in three dimensions at unity density: disordered

nonhyperuniform Poisson (uncorrelated), disordered nonhyperuniform (hard-sphere fluid), disordered hyperuniform (fermionic) [34], and ordered (simple
cubic lattice) hyperuniform point configurations.

and completely vanishes in the large-R asymptotic limit. For a large class of nonspherical convex windows, hyperuniform
point configurations are characterized by a number variance � 2

N
(R) that when scaled by the window volume v1(R) tends to

zero in the large-window limit, i.e.,

lim
v1(R)!1

� 2
N
(R)

v1(R)
= 0, (1)

where R represents the geometrical parameters that define the window shape. In Section 5.7, we will discuss some
anomalous situations inwhich the number variance for a hyperuniform system can grow evenmore slowly than thewindow
surface area or as fast or faster than the window volume for some window shapes.

Disordered hyperuniform systems and their manifestations were largely unknown in the scientific community about a
decade and a half ago; only a few examples were known then [27,28,35]. Now there is a realization that these systems play
a vital role in a number of problems across the physical, materials, mathematical, and biological sciences. Specifically, we
now know that these exotic states of matter can exist as both equilibrium and nonequilibrium phases, including classical
disordered (noncrystalline) ground states [36–43], disordered hard-sphere plasmas [44,45], maximally random jammed
(MRJ) hard-particle packings [46–54], jammed athermal soft-sphere models of granular media [55,56], jammed thermal
colloidal packings [57,58], jammed bidisperse emulsions [59], dynamical processes in ultracold atoms [60], nonequilibrium
phase transitions [61–69], avian photoreceptor patterns [70], receptor organization in the immune system [71], ‘‘perfect’’
glasses [72,73], certain quantum ground states (both fermionic and bosonic) [34,74], the distribution of the nontrivial zeros
of the Riemann zeta function [34,75], and the eigenvalues of various random matrices [14,76].

Poisson process regular lattice disordered hyperuniform
(e.g. sheared colloid)

⟨NR⟩ ∼
Ntot

Ld
Rd, var(NR) = ⟨N2

R⟩ − ⟨NR⟩2 ∼ Rκ, d − 1 ≤ κ ≤ d

Sq = ⟨nqn−q⟩ ∼ qα, κ + α = d .
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γ(t) = γ0 cos(ωt)

Hyperuniform Density Fluctuations and Diverging Dynamic Correlations
in Periodically Driven Colloidal Suspensions

Elsen Tjhung and Ludovic Berthier
Laboratoire Charles Coulomb, UMR 5221, CNRS and Université Montpellier, Montpellier 34095, France
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The emergence of particle irreversibility in periodically driven colloidal suspensions has been interpreted
as resulting either from a nonequilibrium phase transition to an absorbing state or from the chaotic nature of
particle trajectories. Using a simple model of a driven suspension, we show that a nonequilibrium phase
transition is accompanied by hyperuniform static density fluctuations in the vicinity of the transition, where
we also observe strong dynamic heterogeneities reminiscent of dynamics in glassy materials. We find that
single particle dynamics becomes intermittent and strongly non-Fickian, and that collective dynamics
becomes spatially correlated over diverging length scales. Our results suggest that the two theoretical
scenarii can be experimentally discriminated using particle-resolved measurements of standard static and
dynamic observables.
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Nonequilibrium phase transitions have been studied
intensively in recent years [1,2]. Whereas many theoretical
models have been analyzed and organized in a small
number of universality classes (such as directed percola-
tion), convincing experimental realizations have typically
proved harder to achieve. Non-Brownian colloidal suspen-
sions (such as stabilized droplet emulsions or large particles
suspended in a viscous solvent) driven by a low-frequency
periodic shear flow represent one potential realization of a
second-order phase transition towards an absorbing state
[3–9]. It has been found experimentally that below a certain
shearing amplitude (which depends on the density), the
system evolves after a transient into a reversible state where
all particles return to the same position at the end of each
cycle of the periodic drive. Above a well-defined threshold
amplitude, particle motion is no longer periodic, and a
continuous increase of diffusive motion is observed in this
irreversible phase [3].
Several studies [4–6,10–13] suggested that the experi-

mental transition is in the universality class of directed
percolation (or conserved directed percolation). This inter-
pretation is further supported by an elegant numerical model
of the original experiment, which was shown to undergo a
second-order nonequilibrium phase transition [4]. However,
an alternative explanation was also proposed [14–19], which
relies on the chaotic nature of trajectories in dynamical
systems. In this view, a phase transition is not needed to
explain the relatively sharp onset of irreversibility observed
in the experiments. Experiments have not fully established
criticality because direct measurements of the critical expo-
nents are difficult [3,4,13,16]. As a result, the nature of the
initial experimental observations remains to be fully under-
stood. Here we establish that measurements based on
standard particle-resolved observables developed in the
context of glassy dynamics [20] very directly reveal

nonequilibrium criticality, when present. This suggests that
the two existing theoretical scenarii can be experimentally
discriminated using standard static anddynamic observables.
To support our conclusions, we consider a modified

version of the model proposed in Ref. [4], as illustrated in
Fig. 1(a). We consider a bidimensional assembly of
spherical particles of diameter σ, using periodic boundary
conditions in a box of linear size L. The system is initiated
from a random configuration, where particle overlaps may
exist. At each time step, we simultaneously move all
particles which overlap with one neighbor (or several)
by an independent random amount. The displacement of

FIG. 1 (color online). (a) Sketch of the model: Particles over-
lapping at time t (red) are simultaneously moved by an inde-
pendent random amount. Particles with no overlap (black) are
immobile, but may become mobile at later time. (b) The ðϕ; δÞ
phase diagram with a passive region where the number of mobile
particles vanishes at long time and an active phase where particle
overlaps are constantly destroyed and created. The line of second-
order critical points is determined from investigating the state
points shown with symbols.
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Figure 1 Schematic representation of one cycle of the collision model, in which
particles that collide when sheared are given small random displacements.
Each shear cycle is decomposed into three steps: (i) determine particle positions
(black dots); (ii) shear the system by a strain amplitude γ0 and find particle pairs that
collide (that is, come within a distance d of each other, indicated by overlapping red
circles of diameter d ); (iii) reset the initial positions and randomly displace particles
that collided (dashed red circles → blue circles). For each shear cycle, particles are
displaced as many times as they collide. The chance of particles colliding increases
with the strain amplitude γ0 and volume fraction φ.

are self-organized to avoid collisions, resulting from a process of
‘random organization’.

To gain some intuition, we first describe a one-dimensional
version of our model. To start, N point particles are randomly
distributed along a line of length L. Next, one of the particles
is displaced a distance l along the line, possibly encountering
other particles, and then returned to its initial position. For each
encounter, both the displaced particle and the one it encounters
are given random displacements of maximum amplitude ε from
their initial positions, which can increase or decrease the distance
#x between them. This process is repeated cyclically for all
the particles.

According to these rules, particles in regions where #x ≤ l
receive random displacements and are active, and thus undergo
diffusive motion. In regions with #x > l, particles do not
encounter each other and are inactive, with particles returning
after each cycle to their initial positions. Active regions can
activate neighbouring inactive regions and the process can
continue forever, provided there is always some region where
#x ≤ l (see Supplementary Information, video S1). However, if a
configuration develops where #x > l for all neighbouring particle
pairs, there are no more displacements and dynamics cease (see
Supplementary Information, video S2). The system has reached an
absorbing state.

It is clear that at l= L/N , the inverse density, there is a unique
absorbing state: all particles are equidistant with #x = L/N . For
l > L/N , there are no absorbing states; motion can never cease
and particles diffuse. For l < L/N , there is an infinite number
of absorbing states. Our simulations show that there is a phase
transition at a critical value lc # 0.91±0.01L/N characterized by
an order parameter, the steady-state fraction of active particles f ∞

a ,
which for l→ l+c scales as f ∞

a ∼ [(l− lc)/lc]β with β # 0.42±0.10.
Thus, there exist absorbing states for l> lc that are not found.

For l < lc the system finds an absorbing state in a finite time
t = τ (number of cycles). For l → l−c the relaxation time τ diverges
as τ ∼ [(lc− l)/lc]−ν with ν#2.48±0.10, and is independent of the
system size for large systems. For l> lc the time to establish a steady
state likewise shows power-law behaviour, τ ∼ [(l− lc)/lc]−ν. Unlike
the ‘protein-folding problem’, where the time to search for a unique
folded state by a random walk diverges as the size increases21, here
the time to find one of the infinite number of absorbing states is
finite. The exponents β and ν, which characterize the asymptotic
critical behaviour of the order parameter f ∞

a and the relaxation
time τ, do not correspond to those found for DP (βDP # 0.276
and νDP # 1.73); therefore, our model does not belong to the DP
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Figure 2 Simulation results for the 2D model, showing particle activity above
and below the strain threshold. a,b, Snapshots of the particle distributions for two
strain amplitudes γ0 = 3.0 and 2.0, area fraction φ= 0.2 and 1,000 particles. The
number of shear cycles that have passed is indicated below each snapshot. Filled
black circles indicate particles that will collide and thus be irreversibly displaced in
the next shear cycle; open circles indicate particles whose trajectories are reversible.
The shear flow direction is horizontal. c, Fraction of active particles per cycle fa as a
function of number of shear cycles for the two different strain amplitudes shown in a
and b: γ0 = 3.0 (red) and γ0 = 2.0 (blue). Full lines show fits to equation (1). Inset:
Fraction of active particles in steady state as a function of strain amplitude γ0. The
full line in the inset shows the scaling f ∞

a ∼ |γ0 − γ c
0|β where β= 0.45±0.02,

obtained by a fit to the data. The blue and red data points indicate the data below
(f ∞
a = 0) and above (f ∞

a > 0) the critical strain amplitude γ c
0 .

universality class, as expected, because the number of particles is
conserved in our model whereas in DP it is not22,23.

A 2D version of the model mimics a suspension of particles
subjected to periodic shear, as illustrated in Fig. 1. First, N = 1,000
discs are randomly distributed in a two-dimensional rectangular
box. The interaction distance d sets the unit of length and the area
of the box A is chosen to obtain the desired area (2D volume)
fraction φ = Nπd2/4A. The system is sheared with a strain
amplitude γ0, which causes some particles to encounter each other,
as illustrated in Fig. 1. As in the one-dimensional case, particles
that collide are given a random displacement from their initial
position. The net displacement of a particle after one cycle is
zero if it does not encounter any other particle. The direction of
the random displacements is uniformly distributed in the plane
and their amplitude is uniformly distributed between zero and a
maximum value ε, typically a fraction of a particle diameter d.
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Figure 1 Schematic representation of one cycle of the collision model, in which
particles that collide when sheared are given small random displacements.
Each shear cycle is decomposed into three steps: (i) determine particle positions
(black dots); (ii) shear the system by a strain amplitude γ0 and find particle pairs that
collide (that is, come within a distance d of each other, indicated by overlapping red
circles of diameter d ); (iii) reset the initial positions and randomly displace particles
that collided (dashed red circles → blue circles). For each shear cycle, particles are
displaced as many times as they collide. The chance of particles colliding increases
with the strain amplitude γ0 and volume fraction φ.

are self-organized to avoid collisions, resulting from a process of
‘random organization’.

To gain some intuition, we first describe a one-dimensional
version of our model. To start, N point particles are randomly
distributed along a line of length L. Next, one of the particles
is displaced a distance l along the line, possibly encountering
other particles, and then returned to its initial position. For each
encounter, both the displaced particle and the one it encounters
are given random displacements of maximum amplitude ε from
their initial positions, which can increase or decrease the distance
#x between them. This process is repeated cyclically for all
the particles.

According to these rules, particles in regions where #x ≤ l
receive random displacements and are active, and thus undergo
diffusive motion. In regions with #x > l, particles do not
encounter each other and are inactive, with particles returning
after each cycle to their initial positions. Active regions can
activate neighbouring inactive regions and the process can
continue forever, provided there is always some region where
#x ≤ l (see Supplementary Information, video S1). However, if a
configuration develops where #x > l for all neighbouring particle
pairs, there are no more displacements and dynamics cease (see
Supplementary Information, video S2). The system has reached an
absorbing state.

It is clear that at l= L/N , the inverse density, there is a unique
absorbing state: all particles are equidistant with #x = L/N . For
l > L/N , there are no absorbing states; motion can never cease
and particles diffuse. For l < L/N , there is an infinite number
of absorbing states. Our simulations show that there is a phase
transition at a critical value lc # 0.91±0.01L/N characterized by
an order parameter, the steady-state fraction of active particles f ∞

a ,
which for l→ l+c scales as f ∞

a ∼ [(l− lc)/lc]β with β # 0.42±0.10.
Thus, there exist absorbing states for l> lc that are not found.

For l < lc the system finds an absorbing state in a finite time
t = τ (number of cycles). For l → l−c the relaxation time τ diverges
as τ ∼ [(lc− l)/lc]−ν with ν#2.48±0.10, and is independent of the
system size for large systems. For l> lc the time to establish a steady
state likewise shows power-law behaviour, τ ∼ [(l− lc)/lc]−ν. Unlike
the ‘protein-folding problem’, where the time to search for a unique
folded state by a random walk diverges as the size increases21, here
the time to find one of the infinite number of absorbing states is
finite. The exponents β and ν, which characterize the asymptotic
critical behaviour of the order parameter f ∞

a and the relaxation
time τ, do not correspond to those found for DP (βDP # 0.276
and νDP # 1.73); therefore, our model does not belong to the DP
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Figure 2 Simulation results for the 2D model, showing particle activity above
and below the strain threshold. a,b, Snapshots of the particle distributions for two
strain amplitudes γ0 = 3.0 and 2.0, area fraction φ= 0.2 and 1,000 particles. The
number of shear cycles that have passed is indicated below each snapshot. Filled
black circles indicate particles that will collide and thus be irreversibly displaced in
the next shear cycle; open circles indicate particles whose trajectories are reversible.
The shear flow direction is horizontal. c, Fraction of active particles per cycle fa as a
function of number of shear cycles for the two different strain amplitudes shown in a
and b: γ0 = 3.0 (red) and γ0 = 2.0 (blue). Full lines show fits to equation (1). Inset:
Fraction of active particles in steady state as a function of strain amplitude γ0. The
full line in the inset shows the scaling f ∞

a ∼ |γ0 − γ c
0|β where β= 0.45±0.02,

obtained by a fit to the data. The blue and red data points indicate the data below
(f ∞
a = 0) and above (f ∞

a > 0) the critical strain amplitude γ c
0 .

universality class, as expected, because the number of particles is
conserved in our model whereas in DP it is not22,23.

A 2D version of the model mimics a suspension of particles
subjected to periodic shear, as illustrated in Fig. 1. First, N = 1,000
discs are randomly distributed in a two-dimensional rectangular
box. The interaction distance d sets the unit of length and the area
of the box A is chosen to obtain the desired area (2D volume)
fraction φ = Nπd2/4A. The system is sheared with a strain
amplitude γ0, which causes some particles to encounter each other,
as illustrated in Fig. 1. As in the one-dimensional case, particles
that collide are given a random displacement from their initial
position. The net displacement of a particle after one cycle is
zero if it does not encounter any other particle. The direction of
the random displacements is uniformly distributed in the plane
and their amplitude is uniformly distributed between zero and a
maximum value ε, typically a fraction of a particle diameter d.
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the structure and dynamics of sheared colloidal suspen-
sions [23–25]. In the simplest variant of RO, identical
hyperspheres [26] (particles) are distributed randomly in
d-dimensional space with a volume fraction ϕ [27]. The
model proceeds with the following dynamics: at each time
step, isolated particles are left alone, while overlapping
particles are considered “active,” and are displaced in a
random direction with a magnitude drawn uniformly from
½0; ϵ". These dynamics persist until either there are no active
particles (an “absorbing state”), or until the fraction of disks
which are active reaches a steady state average value (an
“active state”).
For a given ϵ, there is a phase transition as a function of

ϕ: for ϕ < ϕc a random initial state will ultimately
arrive at an absorbing state, while for ϕ > ϕc an absorbing
state is never found, and the dynamics continue forever.
The characteristic time to find an absorbing state or
evolve to an active steady state diverges on either side
of the transition, identifying this as a dynamical
second order phase transition [16]. However, unlike
equilibrium transitions which have diverging critical
fluctuations, the critical states of RO, although displaying
no crystalline order, are characterized by severely
depressed, hyperuniform [28,29] fluctuations in d < 4,
and nondivergent, gaslike fluctuations for d ≥ 4. The
universality class of RO has been shown to be the
Manna class [30].
BRO modifies RO by adding a deterministic

displacement along the line connecting the centers of
overlapping particles [Fig. 1(a)]. Specifically, if a pair of
hyperspheres overlaps, each one is displaced by a vector
u ¼

ffiffiffi
δ

p
ϵ0r̂þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − δÞ

p
ϵ0v̂, where δ is the proportion of the

variance of displacements attributed to repulsive as
opposed to random displacements, ϵ0 is a random number
drawn from ½0; ϵ", r̂ is the unit vector directed to the center
of the displaced particle from the center of its overlapping
neighbor, and v̂ is a random unit vector. If δ ¼ 0, we
recover the original RO model. We previously found that,
in d ¼ 3 in the ϵ → 0 limit, all δ > 0 approach the same
densest critical point [14]. Therefore, for all simulations
here we only consider δ ¼ 1.
We first demonstrate that, as in d ¼ 3, BRO

produces configurations with volume fractions that agree
with the d ¼ 4 (ϕRCP ≈ 0.46' 0.005) and d ¼ 5 (ϕRCP ≈
0.31' 0.005) values in structures generated by other
protocols [31]. In Fig. 1, we show the densities of
the critical packings of identical hyperspheres in
d ¼ 1–5. The densities of these critical packings depend
on ϵ (the maximum displacement given to overlapping
particles in BRO). In the limit ϵ → 0, we find
ϕc ≈ 1' 0.001;0.905' 0.002;0.640' 0.001;0.46' 0.01,
and 0.30' 0.01 for d ¼ 1, 2, 3, 4, 5 respectively. In
particular, BRO produces only ordered (crystalline) struc-
tures in d ¼ 1 and 2, suggesting that RCP does not exist in
d ¼ 2 unless polydispersity is added.

The values of ϕc seen in Fig. 1(b) suggest that a
crystal results in both the trivial d ¼ 1 case and in
d ¼ 2, where we obtain a triangular lattice of disks.
Thus if our BROðϵ → 0Þ ¼ RCP conjecture is correct,
there are no random close packed structures which can be
obtained in d ¼ 2 without either additional constraints on
the simulation process or adding the frustration of poly-
dispersity, an issue which has been a source of much recent
speculation [17,18,32–35]. The density values for d ¼ 3–5
are consistent with those obtained for RCP by other
algorithms [31].
To verify that BRO is in the Manna universality class, we

measure the steady-state activity fa, the fraction of particles
which are active, which is the order parameter for absorbing
state systems. In our case, this quantity is the fraction of
particles that overlap with at least one other particle. For the
Manna class, we expect fa ∼ ðϕ − ϕcÞβ, with β ≈ 0.64 for
d ¼ 2, β ≈ 0.84 for d ¼ 3, and β ¼ 1 for d ≥ 4 [16]. In
Fig. 2(a), we plot the activity fa of BRO in d ¼ 2–5 in the
active phase ϕ − ϕc > 0 near the critical point. For d ¼ 2,
we use a bidisperse system to prevent crystallization; all
other results are for monodisperse systems. For BRO in all
these dimensions, we obtain critical behavior expected for
the Manna class. In particular, for both d ¼ 4 and 5, the

(a)

(b)

FIG. 1. (a) Biased random organization dynamics: particles
receive displacements (kicks) away from overlapping (red)
neighbors with random magnitude in ½0; ϵ". Isolated particles
(blue) do not move. (b) Critical densities ϕcðϵÞ, of monodisperse
packings in various dimensions as a function of ϵ, in units of
particle radius r. The densest critical structures, found via linear
extrapolation (dashed lines), are crystalline in d ¼ 1, 2 with
ϕcðϵ → 0Þ ≈ 1.000, 0.905. For d ¼ 3, 4, 5, they are disordered:
ϕcðϵ → 0Þ ≈ 0.640, 0.46, and 0.30.
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Effective Theory for (Biased) Random Organization Model

Conserved Directed Percolation (CDP) effective equations
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We first demonstrate that, as in d ¼ 3, BRO

produces configurations with volume fractions that agree
with the d ¼ 4 (ϕRCP ≈ 0.46' 0.005) and d ¼ 5 (ϕRCP ≈
0.31' 0.005) values in structures generated by other
protocols [31]. In Fig. 1, we show the densities of
the critical packings of identical hyperspheres in
d ¼ 1–5. The densities of these critical packings depend
on ϵ (the maximum displacement given to overlapping
particles in BRO). In the limit ϵ → 0, we find
ϕc ≈ 1' 0.001;0.905' 0.002;0.640' 0.001;0.46' 0.01,
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The values of ϕc seen in Fig. 1(b) suggest that a
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d ¼ 2, where we obtain a triangular lattice of disks.
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the simulation process or adding the frustration of poly-
dispersity, an issue which has been a source of much recent
speculation [17,18,32–35]. The density values for d ¼ 3–5
are consistent with those obtained for RCP by other
algorithms [31].
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measure the steady-state activity fa, the fraction of particles
which are active, which is the order parameter for absorbing
state systems. In our case, this quantity is the fraction of
particles that overlap with at least one other particle. For the
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Fig. 2(a), we plot the activity fa of BRO in d ¼ 2–5 in the
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other results are for monodisperse systems. For BRO in all
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receive displacements (kicks) away from overlapping (red)
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particle radius r. The densest critical structures, found via linear
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ϕcðϵ → 0Þ ≈ 1.000, 0.905. For d ¼ 3, 4, 5, they are disordered:
ϕcðϵ → 0Þ ≈ 0.640, 0.46, and 0.30.
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Relation to Manna sandpiles

Manna sandpile rule: If 2 or 
more grains are on a site, 

topple 2 to randomly chosen 
neighbors.

2 grains can end on same site.

CDP

activity

number 
of grains

noise

∂tρ(x, t) = [n(x, t) − ρ(x, t) − 1]ρ(x, t)
+∇2ρ(x, t) + ρ(x, t)η(x, t)

∂tn(x, t) = ∇2ρ(x, t)



Manna sandpiles to CDP
Manna sandpile rule: If 2 or 
more grains are on a site, 
topple them to randomly 

chosen neighbors.
2 grains can end up on same site.

Mean-Field Equations
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FIG. 8: Thick lines: The order parameters of the Manna model, as a
function of n, the average number of grains per size, obtained from
a numerical simulation of the stochastic Manna model on a grid of
size 150 ⇥ 150 with periodic boundary conditions. We randomly
update a site for 107 iterations, and then update the histogram 500
times every 105 iterations. Plotted are the fraction of sites that are:
unoccupied (black), singly occupied (blue), double occupied (green),
triple occupied (yellow), quadruple occupied (orange). The activity
⇢ =

P
i>1 ai(i�1) is plotted in purple. No data were calculated for

n < 0.5, where a0 = e = 1 � n, a1 = n, and ai>2 = 0 (inactive
phase). Note that before the transition, a0 = 1� n and a1 = n. The
transition is at n = nc = 0.702.
Thin lines: The MF phase diagram, as given by Eqs. (179) ff. for
n  1

2 , and by Eqs. (182) ff. for n � 1
2 . We checked the latter with

a direct numerical simulation.

A. Basic Definitions

The Manna sandpile was introduced in 1991 by S.S. Manna
[4], as a stochastic version of the Bak-Tang-Wiesenfeld
(BTW) sandpile [3]. It is defined as follows.
Manna Model (MM): Randomly throw grains on a lattice. If
the height at one point is greater or equal to two, then with rate
1 move two grains from this site to randomly chosen neigh-
bouring sites. Both grains may end up on the same site.

We start by analysing the phase diagram. We denote by ai

the fraction of sites with i grains. It satisfies the sum rule1

X

i

ai = 1 . (170)

In these variables, the number of grains n per site can be writ-
ten as

n :=
X

i

ai i . (171)

The empty sites are

e := a0 . (172)

1 Note that ai has nothing to do with the operator âi used earlier.

The fraction of active sites is

a :=
X

i�2

ai . (173)

We also define the (weighted) activity as

⇢ :=
X

i�2

ai(i� 1) . (174)

Note that ⇢ satisfies the sum rule

n� ⇢+ e = 1 . (175)

In order to take full advantage of this definition, one may
change the toppling rules of the Manna model to those of the
Weighted Manna Model (wMM): If a site contains i � 2
grains, randomly move these grains to neighbouring sites with
rate (i� 1).

On figure 8 (thick lines), we show a numerical simulation
of the Manna model in a 2-dimensional system of size L⇥L,
with L = 150. There is a phase transition at n = nc = 0.702.
Close to nc, the fraction of doubly occupied sites a2 grows
linearly with n � nc, and higher occupancy is small. In-
deed, we checked numerically that for n > nc the probability
pi to find i grains on a site decays exponentially with i, i.e.
pi ⇠ exp(�↵ni), where ↵n depends on n, see figure 9. This
is to be contrasted with the initial condition, where we ran-
domly distribute n⇥L

2 grains on the lattice of size L⇥L, and
which yields a Poisson distribution, the coherent state |ni, for
the number of grains on each site, see inset of figure 9 (left).
This result suggests that coherent states may not be the best
representation for this system. It further implies that close to
the transition, ⇢ ⇡ a, and we expect that the wMM and the
original MM have the same critical behaviour. We come back
to this question below.

B. MF solution

In order to make analytical progress, we now study the
topple-away or Mean Field solution of the stochastic Manna
sandpile, which we can solve analytically. We define:
Mean-Field Manna Model (MF-MM): If a site contains two
or more grains, move these grains to any randomly chosen
other site of the system.

The rate equations2 are, setting for convenience a�1 := 0:

@tai = �ai⇥(i � 2)+ai+2+2
hX

j�2

aj

i
(ai�1�ai) . (176)

2 After completion of these notes, we found that similar rate equations were
proposed in the literature for a closely related process, the Conserved
Threshold Transfer Process, see [12], page 229, recursively citing [25],
[26], and [27]. We have neither found an application to the Manna model,
nor the solution (183) ff.

18

5 10 15 20 25
i

5

10

15

ln!N!ai""

2 4 6 8 10 12
i

2

4

6

8

10

12

14
ln!N!ai""

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
n

1

2

3

4

5

6

7

Α

0.6 0.8 1.0 1.2 1.4

1

2

3

4

FIG. 9: Left: (Unnormalized) histogram after manny topplings for n = 2; the probability that a site has i grains decays as e�0.585i, for all
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They can be rewritten as

@tai = �ai⇥(i � 2) + ai+2 + 2(1� a0 � a1)(ai�1 � ai) .
(177)

We are interested in the steady state @tai = 0. One can solve
these equations by introducing a generating function. An al-
ternative solution consists in realising that for i � 2, Eq. (177)
admits a steady-state solution of the form

ai = a2
i�2

, i > 2 . (178)

This reduces the number of independent equations @tai = 0
in Eq. (177) from infinity to three. Furthermore, there are the
equations

P
1

i=0 ai = 1, and
P

1

i=0 i ai = n. Thus there are 5
equations for the 4 variables a0, a1, a2, and . The reason we
apparently have one redundant equation is due to the fact that
we already used the normalisation condition (170) to go from
Eq. (176) to Eq. (177).

These equations have two solutions: For 0 < n < 1, there
is always the solution for the inactive or absorbing state,

a0 = 1� n , (179)
a1 = n , (180)

ai�2 = 0 . (181)

For n > 1/2, there is a second non-trivial solution:

a0 =
1

1 + 2n
, (182)

ai>0 =
4n

⇣
2n�1
2n+1

⌘i

4n2 � 1
. (183)

(Note that a2/a1 has the same geometric progression as
ai+1/ai for i > 2, which we did note suppose in our ansatz.)
Thus the probability to find i > 0 grains on a site is given by

the exponential distribution

p(i) =
4n

4n2 � 1
exp (�i↵n) , ↵n = ln

✓
2n+ 1

2n� 1

◆
.

(184)
Using these two solutions, we get the MF phase diagram plot-
ted on figure 8 (thin lines). This has to be compared with
the simulation of the Manna model on the same figure (thick
lines). One sees that for n � 2, MF solution and simulation
are getting almost indistinguishable. We have also checked
with simulations that the Manna model has a similar expo-
nentially decaying distribution of grains per site, with a decay-
constant ↵ plotted on the right of figure 9.

A similar MF analysis can be performed for the weighted
Manna model, and the Abelian Sandpile Model (ASM); this
is discussed in appendix D.

There is a series of models which interpolates between the
Manna model, and its MF version: the range-r Manna model,
where grains are not deposited on a random neighbor, but on
any site within a distance r. In appendix E it is discussed how
this model converges for large r to the MF Manna model.

C. The complete effective equations of motion for the Manna
model

In this section, we will give the effective equations of mo-
tion for the Manna model. Let us start from the mean-field
equations for ⇢(t) and n(t). For simplicity of expressions,
we use the weighted Manna model. The physics close to the
transition should not depend on it. Let us start from the hierar-
chy of MF equations (D1), similar to Eq. (177) for the Manna
model, and which can be rewritten as

@tai = (1� i)ai⇥(i � 2) + (i+ 1)ai+2 + 2⇢(ai�1 � ai) .
(185)

fraction of sites 
with  grainsi
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FIG. 8: Thick lines: The order parameters of the Manna model, as a
function of n, the average number of grains per size, obtained from
a numerical simulation of the stochastic Manna model on a grid of
size 150 ⇥ 150 with periodic boundary conditions. We randomly
update a site for 107 iterations, and then update the histogram 500
times every 105 iterations. Plotted are the fraction of sites that are:
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n < 0.5, where a0 = e = 1 � n, a1 = n, and ai>2 = 0 (inactive
phase). Note that before the transition, a0 = 1� n and a1 = n. The
transition is at n = nc = 0.702.
Thin lines: The MF phase diagram, as given by Eqs. (179) ff. for
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2 , and by Eqs. (182) ff. for n � 1
2 . We checked the latter with

a direct numerical simulation.

A. Basic Definitions

The Manna sandpile was introduced in 1991 by S.S. Manna
[4], as a stochastic version of the Bak-Tang-Wiesenfeld
(BTW) sandpile [3]. It is defined as follows.
Manna Model (MM): Randomly throw grains on a lattice. If
the height at one point is greater or equal to two, then with rate
1 move two grains from this site to randomly chosen neigh-
bouring sites. Both grains may end up on the same site.

We start by analysing the phase diagram. We denote by ai

the fraction of sites with i grains. It satisfies the sum rule1

X

i

ai = 1 . (170)

In these variables, the number of grains n per site can be writ-
ten as

n :=
X

i

ai i . (171)

The empty sites are

e := a0 . (172)

1 Note that ai has nothing to do with the operator âi used earlier.

The fraction of active sites is

a :=
X

i�2

ai . (173)

We also define the (weighted) activity as

⇢ :=
X

i�2

ai(i� 1) . (174)

Note that ⇢ satisfies the sum rule

n� ⇢+ e = 1 . (175)

In order to take full advantage of this definition, one may
change the toppling rules of the Manna model to those of the
Weighted Manna Model (wMM): If a site contains i � 2
grains, randomly move these grains to neighbouring sites with
rate (i� 1).

On figure 8 (thick lines), we show a numerical simulation
of the Manna model in a 2-dimensional system of size L⇥L,
with L = 150. There is a phase transition at n = nc = 0.702.
Close to nc, the fraction of doubly occupied sites a2 grows
linearly with n � nc, and higher occupancy is small. In-
deed, we checked numerically that for n > nc the probability
pi to find i grains on a site decays exponentially with i, i.e.
pi ⇠ exp(�↵ni), where ↵n depends on n, see figure 9. This
is to be contrasted with the initial condition, where we ran-
domly distribute n⇥L

2 grains on the lattice of size L⇥L, and
which yields a Poisson distribution, the coherent state |ni, for
the number of grains on each site, see inset of figure 9 (left).
This result suggests that coherent states may not be the best
representation for this system. It further implies that close to
the transition, ⇢ ⇡ a, and we expect that the wMM and the
original MM have the same critical behaviour. We come back
to this question below.

B. MF solution

In order to make analytical progress, we now study the
topple-away or Mean Field solution of the stochastic Manna
sandpile, which we can solve analytically. We define:
Mean-Field Manna Model (MF-MM): If a site contains two
or more grains, move these grains to any randomly chosen
other site of the system.

The rate equations2 are, setting for convenience a�1 := 0:

@tai = �ai⇥(i � 2)+ai+2+2
hX

j�2

aj

i
(ai�1�ai) . (176)

2 After completion of these notes, we found that similar rate equations were
proposed in the literature for a closely related process, the Conserved
Threshold Transfer Process, see [12], page 229, recursively citing [25],
[26], and [27]. We have neither found an application to the Manna model,
nor the solution (183) ff.
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function of n, the average number of grains per size, obtained from
a numerical simulation of the stochastic Manna model on a grid of
size 150 ⇥ 150 with periodic boundary conditions. We randomly
update a site for 107 iterations, and then update the histogram 500
times every 105 iterations. Plotted are the fraction of sites that are:
unoccupied (black), singly occupied (blue), double occupied (green),
triple occupied (yellow), quadruple occupied (orange). The activity
⇢ =

P
i>1 ai(i�1) is plotted in purple. No data were calculated for

n < 0.5, where a0 = e = 1 � n, a1 = n, and ai>2 = 0 (inactive
phase). Note that before the transition, a0 = 1� n and a1 = n. The
transition is at n = nc = 0.702.
Thin lines: The MF phase diagram, as given by Eqs. (179) ff. for
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2 . We checked the latter with

a direct numerical simulation.

A. Basic Definitions

The Manna sandpile was introduced in 1991 by S.S. Manna
[4], as a stochastic version of the Bak-Tang-Wiesenfeld
(BTW) sandpile [3]. It is defined as follows.
Manna Model (MM): Randomly throw grains on a lattice. If
the height at one point is greater or equal to two, then with rate
1 move two grains from this site to randomly chosen neigh-
bouring sites. Both grains may end up on the same site.

We start by analysing the phase diagram. We denote by ai

the fraction of sites with i grains. It satisfies the sum rule1

X
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ai = 1 . (170)

In these variables, the number of grains n per site can be writ-
ten as

n :=
X
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ai i . (171)

The empty sites are

e := a0 . (172)

1 Note that ai has nothing to do with the operator âi used earlier.

The fraction of active sites is

a :=
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ai . (173)

We also define the (weighted) activity as

⇢ :=
X

i�2

ai(i� 1) . (174)

Note that ⇢ satisfies the sum rule

n� ⇢+ e = 1 . (175)

In order to take full advantage of this definition, one may
change the toppling rules of the Manna model to those of the
Weighted Manna Model (wMM): If a site contains i � 2
grains, randomly move these grains to neighbouring sites with
rate (i� 1).

On figure 8 (thick lines), we show a numerical simulation
of the Manna model in a 2-dimensional system of size L⇥L,
with L = 150. There is a phase transition at n = nc = 0.702.
Close to nc, the fraction of doubly occupied sites a2 grows
linearly with n � nc, and higher occupancy is small. In-
deed, we checked numerically that for n > nc the probability
pi to find i grains on a site decays exponentially with i, i.e.
pi ⇠ exp(�↵ni), where ↵n depends on n, see figure 9. This
is to be contrasted with the initial condition, where we ran-
domly distribute n⇥L

2 grains on the lattice of size L⇥L, and
which yields a Poisson distribution, the coherent state |ni, for
the number of grains on each site, see inset of figure 9 (left).
This result suggests that coherent states may not be the best
representation for this system. It further implies that close to
the transition, ⇢ ⇡ a, and we expect that the wMM and the
original MM have the same critical behaviour. We come back
to this question below.

B. MF solution

In order to make analytical progress, we now study the
topple-away or Mean Field solution of the stochastic Manna
sandpile, which we can solve analytically. We define:
Mean-Field Manna Model (MF-MM): If a site contains two
or more grains, move these grains to any randomly chosen
other site of the system.

The rate equations2 are, setting for convenience a�1 := 0:

@tai = �ai⇥(i � 2)+ai+2+2
hX

j�2

aj

i
(ai�1�ai) . (176)

2 After completion of these notes, we found that similar rate equations were
proposed in the literature for a closely related process, the Conserved
Threshold Transfer Process, see [12], page 229, recursively citing [25],
[26], and [27]. We have neither found an application to the Manna model,
nor the solution (183) ff.
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A. Basic Definitions

The Manna sandpile was introduced in 1991 by S.S. Manna
[4], as a stochastic version of the Bak-Tang-Wiesenfeld
(BTW) sandpile [3]. It is defined as follows.
Manna Model (MM): Randomly throw grains on a lattice. If
the height at one point is greater or equal to two, then with rate
1 move two grains from this site to randomly chosen neigh-
bouring sites. Both grains may end up on the same site.

We start by analysing the phase diagram. We denote by ai

the fraction of sites with i grains. It satisfies the sum rule1

X

i

ai = 1 . (170)

In these variables, the number of grains n per site can be writ-
ten as

n :=
X

i

ai i . (171)

The empty sites are

e := a0 . (172)

1 Note that ai has nothing to do with the operator âi used earlier.

The fraction of active sites is

a :=
X

i�2

ai . (173)

We also define the (weighted) activity as

⇢ :=
X

i�2

ai(i� 1) . (174)

Note that ⇢ satisfies the sum rule

n� ⇢+ e = 1 . (175)

In order to take full advantage of this definition, one may
change the toppling rules of the Manna model to those of the
Weighted Manna Model (wMM): If a site contains i � 2
grains, randomly move these grains to neighbouring sites with
rate (i� 1).

On figure 8 (thick lines), we show a numerical simulation
of the Manna model in a 2-dimensional system of size L⇥L,
with L = 150. There is a phase transition at n = nc = 0.702.
Close to nc, the fraction of doubly occupied sites a2 grows
linearly with n � nc, and higher occupancy is small. In-
deed, we checked numerically that for n > nc the probability
pi to find i grains on a site decays exponentially with i, i.e.
pi ⇠ exp(�↵ni), where ↵n depends on n, see figure 9. This
is to be contrasted with the initial condition, where we ran-
domly distribute n⇥L

2 grains on the lattice of size L⇥L, and
which yields a Poisson distribution, the coherent state |ni, for
the number of grains on each site, see inset of figure 9 (left).
This result suggests that coherent states may not be the best
representation for this system. It further implies that close to
the transition, ⇢ ⇡ a, and we expect that the wMM and the
original MM have the same critical behaviour. We come back
to this question below.

B. MF solution

In order to make analytical progress, we now study the
topple-away or Mean Field solution of the stochastic Manna
sandpile, which we can solve analytically. We define:
Mean-Field Manna Model (MF-MM): If a site contains two
or more grains, move these grains to any randomly chosen
other site of the system.

The rate equations2 are, setting for convenience a�1 := 0:

@tai = �ai⇥(i � 2)+ai+2+2
hX

j�2

aj

i
(ai�1�ai) . (176)

2 After completion of these notes, we found that similar rate equations were
proposed in the literature for a closely related process, the Conserved
Threshold Transfer Process, see [12], page 229, recursively citing [25],
[26], and [27]. We have neither found an application to the Manna model,
nor the solution (183) ff.
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of grains

noise

∂tρ(x, t) = [n(x, t) − ρ(x, t) − 1]ρ(x, t)
+∇2ρ(x, t) + ρ(x, t)η(x, t)

∂tn(x, t) = ∇2ρ(x, t)

fraction of  times occupied sitesai = i
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number 
of grains

noise

∂tρ(x, t) = [n(x, t) − ρ(x, t) − 1]ρ(x, t)
+∇2ρ(x, t) + ρ(x, t)η(x, t)

∂tn(x, t) = ∇2ρ(x, t)

CDP onto Depinning

∂te(x, t) = − e(x, t)ρ(x, t) + ρ(x, t)η(x, t)
∂tρ(x, t) = ∇2ρ(x, t) + ∂te(x, t)

Change variables: n − ρ − 1 = − e

Identification with random manifold
 (the velocity of the interface)

 (the force acting on it)
ρ(x, t) = ∂tu(x, t)
e(x, t) = ℱ(x, t)

∂tu(x, t) = ∇2u(x, t) + ℱ(x, t) + f0
Integrate second equation

 PLD+KW: Phys. Rev. Lett. 114 (2014) 110601



Equation for force

            
            

∂tℱ(x, t) → ∂tF(x, u(x, t))
= ∂uF(x, u(x, t))∂tu(x, t)
= − F(x, u(x, t))∂tu(x, t) + ∂tu(x, t)η(x, t)

∂tℱ(x, t) = − ℱ(x, t)∂tu(x, t) + ∂tu(x, t)η(x, t)
Parameterize  as a function of  instead of F u t

∂uF(x, u) = − F(x, u) + ξ(x, u),
 as a function of : Ornstein-Uhlenbeck processF u

⟨ξ(x, u)ξ(x′￼, u′￼)⟩ = δd(x − x′￼)δ(u − u′￼)

⟨F(x, u)F(x′￼, u′￼)⟩ = δd(x − x′￼)e−|u−u′￼| .
Correlations of  are short-rangedF

(compare variances: 

)
du
dt

dt → du

CDP equivalent to depinning!
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e(x, t) = ℱ(x, t)
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Density fluctuations in the C-DP field theory
,  

Integrate over : 

Structure factor is hyperuniform: 
, where roughness at depinning

∂tn(x, t) = ∇2ρ(x, t) ρ(x, t) ≡ ∂tu(x, t)
t n(x, t) = ∇2u(x, t) + n0

⟨n(x, t)n(x′￼, t)⟩c = − (∇2)2 1
2 ⟨[u(x, t) − u(y, t)]2⟩

Sq = ⟨nqn−q⟩ ∼ qα

α = 4 − d − 2ζ ζ =
3
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ln q
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FIG. 2. Left: the compensated structure factor Sqq
�1/2 in a ln-ln plot for a periodic system of size L = 105, with 8 ⇥ 107 samples. The red

dashed line with slope 0 indicates the behavior Sq ⇠ p
q, the cyan curves power laws with an exponent deviating by ±0.05, indicating our

interval of confidence.

FIG. 3. Left: fit (red dashed) of S2
q (solid blue used for fit, green not

used) for L = 105 with S2
q ' 5.31 ·10�6q ln(16111/q). Right: The

compensated correlation function C(x)x3/2 for even (blue squares)
and odd (red discs) distances x. In dashed weakly filtered data as
guide for the eye. One sees strong even/odd lattice effects, which
start to disappear at x ⇡ 30.

name “diffusion spreadability” [27]. Our data analysis shows
� = 1, 2 or 4 to be equivalent for all practical purposes. As
Fig. 2 for � = 2 shows, the noise is indeed reduced, but it is
more difficult to chose the proper domain to fit too. All these
fits indicate that � = 0.5± 0.05.

The reader may wonder where this problem in such a large
system comes from, and whether there might be systematic
corrections. While there is no proper theoretical motivation,
on a phenomenological level the deviations from a pure power
law are well fitted with a logarithm, as Fig. 3 attests. To pro-
ceed, it is instructive to plot the density correlations as a func-
tion of distance. For short even distances, we find positive
correlations, due to events where one grain is moved to the
right, and one to the left. These positive correlations become
negative for x � 8, but one has to wait to x ⇡ 30 until even
and odd correlations become comparable. This indicates that
` = 30 is the minimal coarse graining size, taking out one
and a half decades from the range to which one can fit S1,
certainly one reason for its slow convergence. One may also

wonder whether this is related to the saturation of the apparent
roughness exponent at depinning ⇣depapp(d = 1) ⇡ 1 [28, 29].

A hyperuniformity exponent of 1/2 is also observed in the
related Oslo model [6].

Relation to the literature. Our results contradict two works
from the literature: � = ✏/9 [10] and � = 2✏/9 [23]. None of
these works use functional RG, which seems to be crucial to
account for the non-trivial structure present at 2-loop [24, 25]
and 3-loop [19] order at depinning. Ref. [23] does this cal-
culation in terms of active and passive particles in a 2-species
model. The density of the latter is a linear combination of
fields used here, np = a1 ⇡ n�2⇢. Since n�n0 = r

2u and
⇢ = @tu, the scaling dimensions of the two terms differ by
z � 2 = O(✏). As a result, np is not a proper scaling field of
the RG, a problem known in other contexts [30]. As the two
fields are degenerate at ✏ = 0, their respective O(✏) correc-
tions are easily attributed to the O(✏) correction of their linear
combination nP.

A new feature of Ref. [23] is the introduction of a cur-
rent noise in their Eqs. (4) and (5). As additional terms
have to vanish in the absorbing state ⇢ = 0, we may add
to Eq. (9) the divergence of a current; the most relevant is
r ~J(x, t) ⌘ r@t~�(x, t), with @t~�(x, t) =

p
⇢(x, t)~⌘(x, t),⌦

⌘i(x, t)⌘j(x0, t0)
↵

= �d(x � x0)�(t � t0)�ij . Comparing
r

2⇢ ⇠ L⇣�z�2 to r
p
⇢(x, t)~⌘(x, t) ⇠ L

⇣�z
2 �1� d+z

2 we
conclude that the latter is perturbativly irrelevant as long as
d + ⇣ > 2, which is satisfied for all d > 0. It may become
relevant non-perturbatively: using the same techniques as in
the derivation of Eq. (17), �i(x, t) has the statistics of a ran-
dom walk, h[�i(x, t) � �i(x, 0)]2i ⇠ |u(x, t)�u(x, 0)|. Us-
ing results of the Brownian-force model [29] one gets ⇣ =
⇣BFM � 1 = 3� d. This would be strongly relevant in dimen-
sion d = 1, in contradiction to our simulation. As the current
in the Manna model should not keep an infinite-time memory
as a random walk does, we propose to modify the equation for
~� to an Ornstein-Uhlenbeck process in u, as in Eqs. (9) and
(15): @t~�(x, t) =

p
⇢(x, t)~⌘(x, t) � ⇢(x, t)~�(x, t),  > 0.

This takes into account that if two particles jump onto the
same neighbor, a toppling will take place there, resulting (pos-

exact!
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Sheared colloids. The same effective model works for pe-
riodically sheared colloids close to the reversible/irreversible
transition. The connection can be understood via the Ran-
dom Organization (RO) model [10]: track the particle dis-
placements after a full shear cycle of given amplitude. These
displacements are replaced by random ones of observed am-
plitude, for the active particles, i.e. those which collided dur-
ing the cycle. This results again in the set of Eqs. (7)-(8). The
Biased Random Organization (BRO) model [11] is a variant,
where colliding particles receive an additional displacement
moving them apart. In [10, 11] the authors claim that RO
and BRO both belong to the CDP class. Furthermore, BRO is
claimed to account for the statistics of random close packings
(RCP) [11], where other authors claim RCP to be mean field
in all dimensions [20].

Mapping CDP to depinning. We now map the CDP equa-
tions (7)-(8) onto depinning. Instead of writing coupled equa-
tions for n(x, t) and ⇢(x, t), use the sum rule (6) to write cou-
pled equations for ⇢(x, t) and e(x, t),

@te(x, t) = [1�2e(x, t)]⇢(x, t) +
p

2⇢(x, t) ⌘(x, t), (10)
@t⇢(x, t) = r

2⇢(x, t) + @te(x, t). (11)

To show the equivalence to disordered elastic manifolds [21,
22], define

⇢(x, t) = @tu(x, t) (the velocity of the interface), (12)
e(x, t) = F(x, t) (the force acting on it). (13)

Eq. (11) is the time derivative of the equation of motion of an
interface, subject to a random force F(x, t),

@tu(x, t) = r
2u(x, t) + F(x, t). (14)

Remains to characterize the statistics of F . Since ⇢(x, t) is
positive for each x, u(x, t) is monotonously increasing. In-
stead of parameterizing F(x, t) by space x and time t, it can
be written as a function of space x and interface position
u(x, t). Setting F(x, t) ! F

�
x, u(x, t)

�
, Eq. (10) becomes

@tF(x, t) ! @tF
�
x, u(x, t)

�

= @uF
�
x, u(u, t)

�
@tu(x, t)

=
h
1� 2F

�
x, u(x, t)

�i
@tu(x, t)

+
p
2@tu(x, t)⌘(x, t). (15)

For each x, this is equivalent to an Ornstein-Uhlenbeck [23]
process F (x, u), defined by

@uF (x, u) = 1� 2F (x, u) +
p
2 ⇠(x, u), (16)

h⇠(x, u)⇠(x0, u0)i = �d(x� x0)�(u� u0). (17)

While the noise ⌘(x, t) is uncorrelated in time, ⇠(x, u) is un-
correlated in the interface position u. Given x, F (x, u) is a
Gaussian Markovian process with mean hF (x, u)i = 1/2, and
variance in the steady state of
⌦⇥
F (x, u)� 1

2

⇤ ⇥
F (x0, u0)� 1

2

⇤↵
=

1

2
�d(x� x0)e�2|u�u0|.

(18)

⋄

⋄ ⋄

⋄

⋄
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d
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0.4

0.5

α

d 0 1 2 3 � 4

↵num 0 0.5 0.494(4) 0.29(2) 0

↵FT 0 0.5 0.4964 0.2868 0

FIG. 1. The exponent ↵ of the structure factor S(q) ⇠ |q|↵ as a
function of dimension d for the Manna model. Blue solid line from
the ✏-expansion of [24], red dots (with error bars) simulations at de-
pinning [25, 26]. Simulations in green are from [27]. The dark green
data point is from Fig. 2. In gray are the different ✏-expansion re-
sults, ↵ = ✏/9 (dashed) [5], ↵ = 2✏/9 (dotted)[28] and ↵ = ✏/3
(dot-dashed) (leading term of Eq. (25)).

Writing the equation of motion (14) as

@tu(x, t) = r
2u(x, t) + F

�
x, u(x, t)

�
, (19)

it is the equation of motion of an interface with position
u(x, t), subject to a quenched disorder force F

�
x, u(x, t)

�
.

The latter is �-correlated in the x-direction, and short-ranged
correlated in the u-direction: it is a disordered elastic manifold
subject to Random-Field (RF) disorder. As a consequence, re-
sults for disordered elastic manifolds can be used for CDP and
the Manna model.

Hyperuniformity in the Manna model. The roughness ex-
ponent ⇣ for the random manifold is defined via

⌦
[u(x, t)� u(y, t)]2

↵
⇠ |x� y|2⇣ . (20)

Eq. (12) implies that ⇢ is not HU,

h⇢(x, t)⇢(y, t)ic ⇠ |x� y|2(⇣�z), (21)

where z is the dynamical critical exponent [12]. As a new
result, let us calculate the particle-density correlation func-
tion. We have to identify n(x, t) with the appropriate random-
manifold field. Using Eqs. (8) and (12), we find @tn(x, t) =
r

2@tu(x, t), or after integration over time

n(x, t) = r
2u(x, t) + n0. (22)

Here n0 is the conserved mean density of particles, i.e. the
conserved total number of particles divided by the volume.
Taking the derivatives implied by Eq. (22) yields

hn(x, t)n(y, t)ic ⇠ |x� y|2⇣�4. (23)

In Fourier space this implies our result (1),

Sq := hnqn�qi ⇠ |q|↵, ↵ = 4� d� 2⇣. (24)

L = 104
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BRO and RO have different hyperuniformity?
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Conclusions

• hyperuniformity in the CDP class is linked to 
depinning: 


• many systems belong to the CDP class:

• Manna sandpiles

• epidemic models: , 

• sheared colloids

• random packings

• your favorite system?


• DP is harder to achieve than CDP, maybe impossible 
in presence of a conserved density


• closed random packings in CDP?!

α = 4 − d − 2ζ

H + S → 2S S → H

 PRL 133 (2024) 067103, arXiv:2401.09123
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Abstract. Domain walls in magnets, vortex lattices in superconductors, contact lines at
depinning, and many other systems can be modeled as an elastic system subject to quenched
disorder. The ensuing field theory posesses a well-controlled perturbative expansion around
its upper critical dimension. Contrary to standard field theory, the renormalization group
flow involves a function, the disorder correlator �(w), and is therefore termed the functional
renormalization group (FRG). �(w) is a physical observable, the auto-correlation function of
the center of mass of the elastic manifold. In this review, we give a pedagogical introduction
into its phenomenology and techniques. This allows us to treat both equilibrium (statics), and
depinning (dynamics). Building on these techniques, avalanche observables are accessible:
distributions of size, duration, and velocity, as well as the spatial and temporal shape. Various
equivalences between disordered elastic manifolds, and sandpile models exist: an elastic string
driven at a point and the Oslo model; disordered elastic manifolds and Manna sandpiles; charge
density waves and Abelian sandpiles or loop-erased random walks. Each of the mappings
between these systems requires specific techniques, which we develop, including modeling of
discrete stochastic systems via coarse-grained stochastic equations of motion, super-symmetry
techniques, and cellular automata. Stronger than quadratic nearest-neighbor interactions lead
to directed percolation, and non-linear surface growth with additional KPZ terms. On the other
hand, KPZ without disorder can be mapped back to disordered elastic manifolds, either on the
directed polymer for its steady state, or a single particle for its decay. Other topics covered are
the relation between functional RG and replica symmetry breaking, and random field magnets.
Emphasis is given to numerical and experimental tests of the theory.

Anisotropic depinning with its relation to directed percolation, explained in section 5.7.
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