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Université Grenoble Alpes



Outline

1 The strong-coupling Kardar-Parisi-Zhang fixed point
in dimension d > 1

2 The inviscid-Burgers fixed point



Acknowledgments

Collaborators

B.Delamotte

LPTMCParis

N.Wschebor

Montevideo

H.Chaté
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The Kardar-Parisi-Zhang equation

▶ KPZ equation for stochastically growing interfaces

Kardar, Parisi, Zhang, PRL 56 (1986)

∂th = ν∇2h +
λ

2

(
∇h

)2
+
√
Dη

η: Gaussian random noise of variance〈
η(t, x)η(t ′, x′)

〉
= 2δ(t − t ′)δd(x− x′) Takeuchi et al, Sci. Rep. 1 (2011)
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▶ kinetic roughening as a non-equilibrium critical phenomenon

generic scale-invariance
universality

Halpin-Healy, Zhang, Phys. Rep. 254 (1995)

Krug, Adv. Phys. 46 (1997)
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▶ correlation function takes Family-Vicsek scaling form

C (t, x) =
〈
(h(t, x)− h(0, 0))2

〉
= |x|2χF (t/|x|z)

{
χ: roughness exponent
z : dynamical exponent



The Kardar-Parisi-Zhang equation

▶ KPZ equation for stochastically growing interfaces

Kardar, Parisi, Zhang, PRL 56 (1986)

∂th = ν∇2h +
λ

2

(
∇h

)2
+
√
Dη

η: Gaussian random noise of variance〈
η(t, x)η(t ′, x′)

〉
= 2δ(t − t ′)δd(x− x′) Takeuchi et al Sci. Rep. 1 (2011)

=⇒ exact mapping to

▶ Burgers equation for randomly stirred fluids Burgers (1948)

∂tv + v · ∇v = ν∇2v +
√
D∇η

for v = −λ∇h with ∇× v = 0

v(t, x)

x

t

Brachet (2021)

▶ Directed Polymers in random media and stochastic heat equation



The Kardar-Parisi-Zhang equation
An extremely large universality class

▶ KPZ in stochastic growth processes

bacteries combustion liquid crystals deposition cancer cells
PRL (1997) JPSJ (1997) PRL (2010) Nature (2011) PRE (2012)



The Kardar-Parisi-Zhang equation
An extremely large universality class

▶ KPZ in stochastic growth processes

bacteries combustion liquid crystals deposition cancer cells
PRL (1997) JPSJ (1997) PRL (2010) Nature (2011) PRE (2012)

▶ KPZ in quantum systems

integrable Heisenberg spin chains
▷ solid-state magnets Nature Phys. 17 (2021)

▷ ultra-cold gases Science 316 (2022)

driven-dissipative Bose-Einstein condensates

▷ exciton-polaritons Nature 608 (2022)

entanglement growth PRX 7 (2017)

Anderson localisation PRL 132 (2024)



The 1D Kardar-Parisi-Zhang equation:
Scaling ...

▶ space-time correlation function C (t, x) = |x|2χF (t/|x|z)

▷ linear growth (EW): λ = 0
Edwards, Wilkinson, Proc.R.Soc.Lond. A (1982)

χ = 1/2 , z = 2

▷ nonlinear growth (KPZ)
Kardar, Parisi, Zhang, PRL 56 (1986)

χ = 1/2 , z = 3/2



The 1D Kardar-Parisi-Zhang equation:
... and beyond

▶ space-time correlation function C (t, x) = |x|2χF (t/|x|z)

▷ linear growth (EW): λ = 0
Edwards, Wilkinson, Proc.R.Soc.Lond. A (1982)

χ = 1/2 , z = 2

▷ nonlinear growth (KPZ)
Kardar, Parisi, Zhang, PRL 56 (1986)

χ = 1/2 , z = 3/2

⋆ universal distribution of height fluctuations

curved geometry – droplet (GUE-TW)
Sasamoto, Spohn, PRL 104 (2010)

Amir, Corwin and Quastel, Commun. Pure Appl. Math. 64 (2011)

Calabrese, Le Doussal, Rosso, EPL 90 (2010)

flat geometry (GOE-TW)
Calabrese, Le Doussal, PRL 106 (2011)

Brownian geometry (Baik-Rains F0)
Imamura, Sasamoto, PRL (2012)

Borodin, Corwin, Ferrari, Vetö, Math. Phys. Ann. Geom. 18 (2015)

⋆ universal scaling functions F : in terms of Airy processes

Prahöfer, Spohn, J. Stat. Phys. (2004), Sasamoto, J. Phys. A (2005), Imamura, Sasamoto, PRL (2012)



The 1D Kardar-Parisi-Zhang equation:
Scaling and beyond

▶ space-time correlation function C (t, x) = |x|2χF (t/|x|z)

▷ linear growth (EW): λ = 0
Edwards, Wilkinson, Proc.R.Soc.Lond. A (1982)

χ = 1/2 , z = 2

▷ nonlinear growth (KPZ)
Kardar, Parisi, Zhang, PRL 56 (1986)

χ = 1/2 , z = 3/2

▶ what about higher dimensions ?

▶ still holds surprises even in d = 1 !
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Critical phenomena and Renormalisation Group (RG)

▶ kinetic roughening is a non-equilibrium critical phenomena

scale invariance, self-similarity

universality

anomalous critical exponents

Ising second order

phase transition
2D KPZ

interface

Halpin-Healy

Palasantzas

EPL 105 (2014)

=⇒ criticality arises from fluctuations at all scales . . .

▶ Wilson’s RG pivotal to understand critical phenomena

progressive integration of fluctuation modes

build effective theory
Wilson, Kogut, Phys. Rep. C 12 (1974)

scale invariance ⇐⇒ fixed point of the RG
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universality

anomalous critical exponents

Ising second order

phase transition
2D KPZ

interface

Halpin-Healy

Palasantzas

EPL 105 (2014)

=⇒ criticality arises from fluctuations at all scales . . .

▶ Functional non-perturbative RG based on Wilson’s RG ideas

Effective average action Γκ instead of effective action Sκ

Exact RG equation for Γκ
Wetterich, Phys. Lett. B 301 (1993), Dupuis, et al, Phys. Rep. 910 (2021)

∂κΓκ =
1

2
Tr

∫
q

∂κRκ(q)
[
Γκ

(2)+Rκ

]−1

(−q)



The non-perturbative side of the KPZ equation (I)

▶ one coupling constant g = λ2D/ν3

∂th = ∇2h +

√
g

2

(
∇h

)2
+ η

▶ Perturbative Renormalisation Group

phase diagram
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▷ at one-loop order in d = 1

KPZ rough phase in d = 1

z = 3/2 and χ = 1/2

Forster, Nelson, Stephen, PRL 36 (1977)

Kardar, Parisi, Zhang, PRL 56 (1986)

▷ resummed to all orders in d = 2 + ε

Roughening transition in d > 2

z = 2 and χ = 0 for all ε

Wiese, PRE 56 (1997), J. Stat. Phys. 93 (1998)
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▷ at one-loop order in d = 1

KPZ rough phase in d = 1

z = 3/2 and χ = 1/2

Forster, Nelson, Stephen, PRL 36 (1977)

Kardar, Parisi, Zhang, PRL 56 (1986)

▷ resummed to all orders in d = 2 + ε

Roughening transition in d > 2

z = 2 and χ = 0 for all ε

Wiese, PRE 56 (1997), J. Stat. Phys. 93 (1998)

but does not find a KPZ strong-coupling fixed point in d > 1



The KPZ fixed point
from Functional Renormalisation Group (FRG)
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The KPZ fixed point
from Functional Renormalisation Group (FRG)

▶ FRG with functional approximation: ν −→ νκ(ω,p), D −→ Dκ(ω,p)

▷ correlation function : shows generic scaling

Cκ(ω,p) =
2Dκ(ω,p)

ω2 + p4ν2κ(ω,p)
κ→0−→ 1

pd+2+χ
f̃ (ω/pz)

universal scaling function f̃ in d = 1
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The KPZ fixed point
from Functional Renormalisation Group (FRG)

▶ FRG with functional approximation: ν −→ νκ(ω,p), D −→ Dκ(ω,p)

▷ correlation function : shows generic scaling

Cκ(ω,p) =
2Dκ(ω,p)

ω2 + p4ν2κ(ω,p)
κ→0−→ 1

pd+2+χ
f̃ (ω/pz)

universal scaling functions for correlation F̊ and response H̊ in d > 1

T. Kloss, LC, N. Wschebor, PRE 86 (2012)



Comparison with numerics
Other results for non-integrable cases

▶ universal amplitude ratio in d = 2 from large-scale simulations

FRG: R = 0.940 Kloss, LC, Wschebor, PRE 86 (2012)

numerics: R = 0.944± 0.031 Halpin-Healy, PRE 88 (2013)

▶ universal scaling function

for 2D exciton-polariton condensates

collaboration C2N – LPMMC, in prep. (2026)
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Other results for non-integrable cases

▶ universal amplitude ratio in d = 2 from large-scale simulations

FRG: R = 0.940 Kloss, LC, Wschebor, PRE 86 (2012)

numerics: R = 0.944± 0.031 Halpin-Healy, PRE 88 (2013)

▶ universal scaling function

for 2D exciton-polariton condensates

collaboration C2N – LPMMC, in prep. (2026)

▶ KPZ equation with correlated noise

long-range spatial noise Kloss, LC, Delamotte, Wschebor, PRE 89 (2014)

short-range spatial noise Mathey, Agoritsas, Kloss, Lecomte, LC, PRE 95 (2017)

long-range temporal noise Squizzato, LC, PRE 100 (2019)

▶ KPZ equation with anisotropy

Kloss, LC, Wschebor, PRE 90 (2014)
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The 1D KPZ – Burgers equation in the inviscid limit

Phil. Trans. A 380 (2022)

Phys. Rev. Lett. 124 (2020)

Phys. Rev. E 106 (2022)

observation of an unpredicted scaling z = 1 in the

limit ν → 0

▷ also found in Burgers-Hopf Majda, Timofeyev, PNAS 96 (2000)

▷ also predicted in d →∞, Re →∞ Bouchaud, Mézard, Parisi, PRE 52 (1995)



Results from numerical simulations

▶ simulation of stochastic 1D Burgers equation

Cartes, Tirapegui, Pandit, Brachet, Phil. Trans. A 380 (2022)

∂tv + λv∂xv = ν∂2xv +
√
D∂xη

−→ Galerkin-truncation preserving all the symmetries =⇒ χ = 1/2

▶ observation of three scaling regimes

EW

x

t KPZ

x

t IB

x

t



Results from numerical simulations

▶ space-time correlation function C (t, k):

τ1/2(k) such that C (τ1/2(k), k) =
1

2
C (0, k)

scaling regime: τ1/2 ∼ k−z

compensated half decay frequency
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scaling regime: τ1/2 ∼ k−z

compensated half decay frequency

UV
Edwards-Wilkinson (λ = 0): z = 2



Results from numerical simulations

▶ space-time correlation function C (t, k):

τ1/2(k) such that C (τ1/2(k), k) =
1

2
C (0, k)

scaling regime: τ1/2 ∼ k−z

compensated half decay frequency

UV Inviscid Burgers (ν = 0): z = 1

unpredicted scaling regime !



The non-perturbative side of the KPZ equation (II)

▶ one coupling constant g = λ2D/ν3

∂th = ν∇2h +
λ

2

(
∇h

)2
+
√
Dη

▶ 1D KPZ-Burgers equation in the inviscid limit

UV

▷ inviscid limit ν → 0 ⇐⇒

strong-coupling limit g →∞

non-perturbative feature arises also in d = 1!



The Inviscid Burgers fixed point
from Functional Renormalisation Group

▶ FRG with simplest approximation: ν −→ νκ, D −→ Dκ

▷ one effective coupling ĝκ = κd−2λ2Dκ/νκ
3

▷ define ŵκ = ĝκ/(1 + ĝκ) ∈ [0, 1]

▶ FRG flow equation for ŵκ in d = 1

κ∂κŵκ = ŵκ

(
3− 2zκ(ŵκ)

)
(1− ŵκ)
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▶ 3 fixed point solutions

▶ EW: ŵ∗ = 0

χ = 1/2 , zEW = 2

UV stable
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The Inviscid Burgers fixed point
from Functional Renormalisation Group

▶ 3 fixed point solutions

▶ EW: ŵ∗ = 0 ▶ KPZ: 0 < ŵ∗ < 1 ▶ IB: ŵ∗ = 1

-15 -10 -5 0
s

0

0.2

0.4

0.6

0.8

1

w
s

^
 

EW

IB

KPZ

←: IR flow

from small scales κ = Λ

to large scales κ → 0

→: UV flows

backwards from κ → 0 to κ = Λ
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▶ 3 fixed point solutions

▶ EW: ŵ∗ = 0 ▶ KPZ: 0 < ŵ∗ < 1 ▶ IB: ŵ∗ = 1
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KPZ

←: IR flow

from small scales κ = Λ

to large scales κ → 0

→: UV flows

backwards from κ → 0 to κ = Λ

evidences the existence of the new IB fixed point in d = 1 !

Fontaine, Vercesi, Brachet, LC, PRL 131 (2023)



Quantitative description ?

⇐⇒



The Inviscid Burgers fixed point
from Functional Renormalisation Group

▶ FRG with functional approximation: ν −→ νκ(ω,p), D −→ Dκ(ω,p)

results for large viscosity in d = 1

▶ small momenta (IR) controlled by KPZ fixed point

large momenta (UV) controlled by EW fixed point
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Cκ(ω, p) =
2Dκ(ω,p)

ω2+
(
p2νκ(ω,p)

)2
half decay frequency ω1/2(p) ∼ pz

C(ω1/2(p), p) = C(0, p)/2

L. Gosteva, N. Wschebor, LC, J. Stat. Mech. 2025
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What about higher dimensions ?



Functional Renormalisation Group:
Existence of IB fixed-point in all d

▶ FRG with simplest approximation: ν −→ νκ, D −→ Dκ

▷ one effective coupling ĝκ = κd−2λ2Dκ/νκ3

▷ define ŵκ = ĝκ/(1 + ĝκ) ∈ [0, 1]

▶ FRG flow equation for ŵκ in d > 1

∂s ŵκ = 2ŵκ

(
χκ(ŵκ) + zκ(ŵκ)− 2

) (
1− ŵκ

)
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super-universal

Gosteva, Tarpin, Wschebor, LC

PRE 110 (2024)



Can we rigorously demonstrate that z = 1 in all dimensions?



Yes !
From extended symmetries and large wavenumber limit

▶ extended symmetry: infinitesimal transformation such that

the variation of the action is linear in the fields

=⇒ yields exact functional Ward identities

for Burgers action:

time-gauged Galilean invariance: G :

{
x → x+ δv (t)

v → v − δv̇ (t)

time-gauged shift symmetry: R :

{
v̄(t, x) → v̄(t, x) + δv̄(t)

+ other response fields

infinite set of exact Ward identities which relates
any n-point vertex with one q = 0

to lower-order vertices



Exact closure in the large wave-number limit

▶ flow for C
(n)
α1...αn ({ti , xi}) ≡

〈
vα1 (t1, x1) · · · vαn (tn, xn)

〉
c

exact (but infinite hierarchy of) flow
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Exact closure in the large wave-number limit

▶ flow for C
(n)
α1...αn ({ti , xi}) ≡

〈
vα1 (t1, x1) · · · vαn (tn, xn)

〉
c

large ki

exact (but infinite hierarchy of) flow asymptotic flow at large wavenumber

extended symmetries

closed flow at large wavenumber

fixed point

analytical solution

C (n)
α1...αn

({ti , xi}) = C (n)
α1...αn

({0, xi}) × dominant term

solution at the fixed point

C (n)
α1...αn

({ti , ki}) ∝

 exp
(
−α0

L2

τ2

∣∣∑
ℓ kℓtℓ

∣∣2 + O(|kmax|L)
)

ti ≪ τ

exp
(
−α∞ L2

τ
|t|

∑
kℓ kk · kℓ + O(|kmax|L)

)
ti ≫ τ

M. Tarpin, LC, N. Wschebor, Phys. Fluids 30 (2018), LC, J. Fluid Mech. Perspectives 950 (2022)

Fontaine, Vercesi, Brachet, LC, PRL 131 (2023), Gosteva, Tarpin, Wschebor, LC, PRE 110 (2024)



Exact asymptotic solution at large wavenumbers
for inviscid Burgers fixed point

▶ fixed-point solution at large p (UV) from FRG:

C(t, p) = C(0, p)×

 exp
(
− α0

(
|p|t

)2
+O(|p|L)

)
t ≪ τ0

exp
(
− α∞ |p|2|t|+O(|p|L)

)
t ≫ τ0

proof of z = 1 scaling at small t in all d (|p|z t ≡ |p|t)
exact analytical form of the scaling function

prediction of a crossover at large t
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▶ comparison with numerics in d = 1:

C(t,p)
C(0,p)

z =
1

Cartes etal., Phil. Trans. A 380 (2022)
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existence of a new fixed point in the inviscid limit
. . . only realisation ?



Stochastic 3D Navier-Stokes equation
Model A of Forster-Nelson-Stephen

▶ Langevin dynamics for near-equilibrium fluids

Forster, Nelson, Stephen, PRL 36 (1976); Forster, Nelson, Stephen, PRA 16 (1977)

Bandak, Goldenfeld, Mailybaev, Eyink, PRE 105 (2022)

∂tv + λ0(v · ∇)v = −1

ρ
∇π + ν0∇2v + f︸︷︷︸

thermal noise

, ∇ · v = 0

numerics:

FRG study:

L. Gosteva, M. Brachet, L. Canet, Phil. Trans. Roy. Soc. A (2026)



Realm of the Inviscid Burgers fixed point

IB fixed point generically appears in :

▶ Kuramoto-Sivashinsky equation

∂th = ν∇2h + τ∇4h + λ(∇h)2

microscopic scale: ν < 0

macroscopic scale: KPZ dynamics νeff > 0

=⇒ intermediate scales: νeff ≃ 0 !

▶ complex Ginzburg-Landau equation

i∂tψ = iψ + (c2 − i)|ψ|2ψ − (c1 − i)∇2ψ

▷ dynamics of the phase θ maps in the

turbulence phase regime to the KS equation

SCALING REGIMES OF THE ONE-DIMENSIONAL PHASE … PHYSICAL REVIEW E 109, 064149 (2024)

FIG. 3. Scaling behavior of the correlations C(k, t ) in the IB regime. Left panel: Correlation decay C(k, t )/C(k, 0). Right panel: Collapse
onto the scaling function f (y = kt1/z ) with z = 1. The plotted window is 2π/L < k < 2k0. The dashed line shows the fitted asymptotic
Gaussian behavior of f IB at short times, also plotted in logarithmic scale in the inset. The parameters are c1 = 2.7, c2 = −0.8 (k0 = 0.44),
L = 2048, dx = 1.0, Nsim = 1024.

the equipartition of energy is not perfectly established for
the modes that exhibit the IB scaling z = 1. We remind that
in order for the equipartition to settle while approaching the
inviscid limit of the stochastic Burgers equation, it is crucial
that the noise obeys the fluctuation-dissipation relation [30].
In our case, the random noise and the positive viscosity are
effective properties of the small k modes, emerging from
the underlying chaotic dynamics of the CGLE. As a conse-
quence, it is not guaranteed that they fulfill the time-reversal
symmetry. We can thus reasonably expect a quantitative dif-
ference in the shape of the scaling function f IB. Nevertheless,
the results presented here suggest that the value of the dy-
namical exponent z = 1 and the qualitative shape of f IB are
robust against a weak loss of equipartition. The more general
analyzis of the inviscid regime for different types of noise,
breaking the time-reversal symmetry would be interesting, but
is left for future work. We stress that our results suggest that
the intermediate IB regime should be observed in the pure KS
equation as well. A more detailed characterization of the IB
regime emerging within the KS equation can be obtained by
means of functional renormalization group [42].

C. Adding noise: Crossover to KPZ

In this section, we discuss the effect of adding a stochastic
noise of small amplitude to the CGLE on the large-scale
scaling behavior of the phase turbulence. We thus consider
the equation

i∂tψ = iψ + (c2 − i)|ψ |2ψ − (c1 − i)∂2
x ψ +

√
σξ , (10)

where ξ (x, t ) is a complex white noise with 〈ξ (x, t )〉 = 0 and
〈ξ (x, t )ξ ∗(x′, t ′)〉 = 2δ(x − x′)δ(t − t ′). We replace the statis-
tical average over trajectories starting from different initial
conditions with an average over independent realizations of
the noise. In the numerics, we implement the noise using
Euler-Maruyama scheme adding at each time step a stochastic
term

√
σ dt/dx[r1(x) + ir2(x)], where for every x the ran-

dom number r1,2(x) is sampled independently from a normal
distribution N (0, 1).

For the KS equation, the stochastic formulation yields con-
siderable advantages. At a theoretical level, it allows one to
cast the problem into a field theory and study it by means of
dynamical renormalization group [34,35] or nonperturbative
functional renormalization group [42]. At a numerical level,
it allows one to observe the KPZ universality emerging at
large scales for much smaller system sizes since the effective
nonlinearity geff is higher [35]. However, for the CGLE, the
addition of noise is more subtle. The noisy CGLE, widely em-
ployed as a mean-field model for open quantum fluids [4,50],
exhibits a richer phase diagram than its deterministic version
[37,38]. In particular, it was shown that, at large noise, the
compact nature of the phase becomes crucial since topological
defects (phase slips or space-time vortices in one dimension)
can be activated by the noise, breaking down the analogy
with growing interfaces. In tuning the noise amplitude σ ,
we are thus restrained to small values in order not to enter
the vortex-turbulent phase of Refs. [37,38]. We observe that
the region of defect-free phase turbulence in the (c1, c2) phase
diagram shrinks as the noise amplitude is increased. We could
obtain such a regime only for small noise amplitude σ ! 0.1
and by tuning c1, c2 closer to the BF instability line.

The effect of the noise on the kinetic roughening properties
of the phase is again encoded in the scale-dependent corre-
lation time τα (k), with α = C(k, τα )/C(k, 0) ∈ (0, 1] (which
is a slight generalization of the τ1/2 defined in Sec. III B
corresponding to α = 0.5). We show in Fig. 4 the behavior
of τ̄ = 〈τα〉α , where an average over 0.3 ! α ! 0.6 is per-
formed to increase the statistics. First, we find that the IB
regime with z = 1 is always present at the intermediate scales,
robust to the addition of a small noise. Let us now comment
on the behavior at the large scales (small k modes). For the
smallest value of the noise σ = 0.01, they follow the same
scaling as for the deterministic case, i.e., we identify the EW
regime with τ̄ ∼ k−2. At intermediate noise, here σ = 0.05,
the EW regime is replaced by the KPZ one, with τ̄ ∼ k−3/2.
This corroborates the results found for the KS equation when
adding noise. However, for stronger noise, here σ = 0.10, the
large-scale behavior is affected by the presence of defects,
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FIG. 4. Correlation time τ̄ averaged over ten values of α ∈
[0.3, 0.6] where α = C(k, τα )/C(k, 0). The parameters are c1 =
1.9, c2 = −0.70 (k0 = 0.35), L = 4096, dx = 1.0, Nsim = 1024. The
solid lines are guidelines to identify the different scaling behaviors.

which eventually destroy the KPZ regime since the phase
can no longer be unwrapped. In this regime we find τ̄ #
constant as expected in presence of vortices. In fact, as shown
in Refs. [37,38], since defects are formed in randomly located
space-time points, the phase trajectories are characterized by a
finite homogeneous density of uncorrelated phase jumps. As
a result, at length scales beyond the average vortex distance
lv , the phase dynamics can be interpreted as the result of
a random deposition process, implying a scale-independent
correlation time, i.e., τ (k ! 2π/lv ) ∼ constant.

To fully characterize the KPZ regime for the intermediate
noise value, we proceed as for the IB regime. We select
the low modes for which τ̄ ∼ k−3/2, and compute the full
correlation C(k, t ) function in this window, shown in Fig. 5.

The level lines are now observed at constant y = k3/2t as
expected for the KPZ regime. Moreover, a very good col-
lapse is obtained, and the scaling function extracted from
the numerical data compares accurately with the exact KPZ
scaling function f KPZ of Ref. [27]. Thus, our results show
that adding a noise, provided it is small enough to prevent
the proliferation of defects, allows one to observe the KPZ
scaling regime without having to resort to very large system
sizes. This confirms that the phase turbulence of the CGLE
equation belongs to the KPZ universality class. Moreover, the
IB regime systematically appears at intermediate scales, and
is an intrinsic feature of this system. Its origin can be traced to
the necessary vanishing of the effective viscosity to crossover
from a negative microscopic value to an effective positive
value at large scales.

IV. CONCLUSION AND PERSPECTIVES

We studied the phase turbulence of the deterministic com-
plex Ginzburg-Landau equation in one spatial dimension,
focusing on the statistical behavior of the large and interme-
diate wavelength modes. In this regime, the phase dynamics
maps to the Kuramoto-Sivashinsky equation. This chaotic
dynamics results in an effective noise, and generates an ef-
fective positive viscosity at large scales. These elements,
together with the intrinsic nonlinearity of the phase dynam-
ics, yield that the critical behavior of the CGLE belongs to
the one-dimensional KPZ universality class. In our numerical
simulations, we first recovered the known results, namely, we
observe at large scales the EW scaling expected for the system
size considered, smaller than the typical size necessary for the
KPZ behavior to settle.

Focusing on the scales intermediate between the wave-
length of the instability pattern and the onset of the EW
(KPZ) behavior, we evidenced the emergence of an additional,
distinct scaling regime, characterized by the dynamical ex-
ponent z = 1. We argued that this regime corresponds to the
inviscid limit of the KPZ equation, which was recently shown
to be controlled by a genuine fixed point, termed the inviscid

FIG. 5. Scaling behavior of the correlations C(k, t ) in the KPZ regime. Left panel: Correlation decay C(k, t )/C(k, 0). Right panel: Collapse
onto the scaling function f (y = kt1/z ) with z = 3/2. The plotted window is 2π/L < k < 2k0. The dashed line shows the exact KPZ scaling
function f KPZ from Ref. [27]. The parameters are c1 = 1.9, c2 = −0.7 (k0 = 0.35), σ = 0.05, L = 4096, dx = 1.0, Nsim = 1024.
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Realm of the Inviscid Burgers fixed point

IB fixed point generically appears in :
▶ Kuramoto-Sivashinsky equation

∂th = ν∇2h + τ∇4h + λ(∇h)2

microscopic scale: ν < 0

macroscopic scale: KPZ dynamics νeff > 0

=⇒ intermediate scales: νeff ≃ 0 !

▶ complex Ginzburg-Landau equation

i∂tψ = iψ + (c2 − i)|ψ|2ψ − (c1 − i)∇2ψ

▷ dynamics of the phase θ maps in the

turbulence phase regime to the KS equation

confirmed using FRG
for Kuramoto-Sivashinsky equation
Gosteva, Wschebor, LC, in prep (2026)
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FIG. 3. Scaling behavior of the correlations C(k, t ) in the IB regime. Left panel: Correlation decay C(k, t )/C(k, 0). Right panel: Collapse
onto the scaling function f (y = kt1/z ) with z = 1. The plotted window is 2π/L < k < 2k0. The dashed line shows the fitted asymptotic
Gaussian behavior of f IB at short times, also plotted in logarithmic scale in the inset. The parameters are c1 = 2.7, c2 = −0.8 (k0 = 0.44),
L = 2048, dx = 1.0, Nsim = 1024.

the equipartition of energy is not perfectly established for
the modes that exhibit the IB scaling z = 1. We remind that
in order for the equipartition to settle while approaching the
inviscid limit of the stochastic Burgers equation, it is crucial
that the noise obeys the fluctuation-dissipation relation [30].
In our case, the random noise and the positive viscosity are
effective properties of the small k modes, emerging from
the underlying chaotic dynamics of the CGLE. As a conse-
quence, it is not guaranteed that they fulfill the time-reversal
symmetry. We can thus reasonably expect a quantitative dif-
ference in the shape of the scaling function f IB. Nevertheless,
the results presented here suggest that the value of the dy-
namical exponent z = 1 and the qualitative shape of f IB are
robust against a weak loss of equipartition. The more general
analyzis of the inviscid regime for different types of noise,
breaking the time-reversal symmetry would be interesting, but
is left for future work. We stress that our results suggest that
the intermediate IB regime should be observed in the pure KS
equation as well. A more detailed characterization of the IB
regime emerging within the KS equation can be obtained by
means of functional renormalization group [42].

C. Adding noise: Crossover to KPZ

In this section, we discuss the effect of adding a stochastic
noise of small amplitude to the CGLE on the large-scale
scaling behavior of the phase turbulence. We thus consider
the equation

i∂tψ = iψ + (c2 − i)|ψ |2ψ − (c1 − i)∂2
x ψ +

√
σξ , (10)

where ξ (x, t ) is a complex white noise with 〈ξ (x, t )〉 = 0 and
〈ξ (x, t )ξ ∗(x′, t ′)〉 = 2δ(x − x′)δ(t − t ′). We replace the statis-
tical average over trajectories starting from different initial
conditions with an average over independent realizations of
the noise. In the numerics, we implement the noise using
Euler-Maruyama scheme adding at each time step a stochastic
term

√
σ dt/dx[r1(x) + ir2(x)], where for every x the ran-

dom number r1,2(x) is sampled independently from a normal
distribution N (0, 1).

For the KS equation, the stochastic formulation yields con-
siderable advantages. At a theoretical level, it allows one to
cast the problem into a field theory and study it by means of
dynamical renormalization group [34,35] or nonperturbative
functional renormalization group [42]. At a numerical level,
it allows one to observe the KPZ universality emerging at
large scales for much smaller system sizes since the effective
nonlinearity geff is higher [35]. However, for the CGLE, the
addition of noise is more subtle. The noisy CGLE, widely em-
ployed as a mean-field model for open quantum fluids [4,50],
exhibits a richer phase diagram than its deterministic version
[37,38]. In particular, it was shown that, at large noise, the
compact nature of the phase becomes crucial since topological
defects (phase slips or space-time vortices in one dimension)
can be activated by the noise, breaking down the analogy
with growing interfaces. In tuning the noise amplitude σ ,
we are thus restrained to small values in order not to enter
the vortex-turbulent phase of Refs. [37,38]. We observe that
the region of defect-free phase turbulence in the (c1, c2) phase
diagram shrinks as the noise amplitude is increased. We could
obtain such a regime only for small noise amplitude σ ! 0.1
and by tuning c1, c2 closer to the BF instability line.

The effect of the noise on the kinetic roughening properties
of the phase is again encoded in the scale-dependent corre-
lation time τα (k), with α = C(k, τα )/C(k, 0) ∈ (0, 1] (which
is a slight generalization of the τ1/2 defined in Sec. III B
corresponding to α = 0.5). We show in Fig. 4 the behavior
of τ̄ = 〈τα〉α , where an average over 0.3 ! α ! 0.6 is per-
formed to increase the statistics. First, we find that the IB
regime with z = 1 is always present at the intermediate scales,
robust to the addition of a small noise. Let us now comment
on the behavior at the large scales (small k modes). For the
smallest value of the noise σ = 0.01, they follow the same
scaling as for the deterministic case, i.e., we identify the EW
regime with τ̄ ∼ k−2. At intermediate noise, here σ = 0.05,
the EW regime is replaced by the KPZ one, with τ̄ ∼ k−3/2.
This corroborates the results found for the KS equation when
adding noise. However, for stronger noise, here σ = 0.10, the
large-scale behavior is affected by the presence of defects,
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FIG. 4. Correlation time τ̄ averaged over ten values of α ∈
[0.3, 0.6] where α = C(k, τα )/C(k, 0). The parameters are c1 =
1.9, c2 = −0.70 (k0 = 0.35), L = 4096, dx = 1.0, Nsim = 1024. The
solid lines are guidelines to identify the different scaling behaviors.

which eventually destroy the KPZ regime since the phase
can no longer be unwrapped. In this regime we find τ̄ #
constant as expected in presence of vortices. In fact, as shown
in Refs. [37,38], since defects are formed in randomly located
space-time points, the phase trajectories are characterized by a
finite homogeneous density of uncorrelated phase jumps. As
a result, at length scales beyond the average vortex distance
lv , the phase dynamics can be interpreted as the result of
a random deposition process, implying a scale-independent
correlation time, i.e., τ (k ! 2π/lv ) ∼ constant.

To fully characterize the KPZ regime for the intermediate
noise value, we proceed as for the IB regime. We select
the low modes for which τ̄ ∼ k−3/2, and compute the full
correlation C(k, t ) function in this window, shown in Fig. 5.

The level lines are now observed at constant y = k3/2t as
expected for the KPZ regime. Moreover, a very good col-
lapse is obtained, and the scaling function extracted from
the numerical data compares accurately with the exact KPZ
scaling function f KPZ of Ref. [27]. Thus, our results show
that adding a noise, provided it is small enough to prevent
the proliferation of defects, allows one to observe the KPZ
scaling regime without having to resort to very large system
sizes. This confirms that the phase turbulence of the CGLE
equation belongs to the KPZ universality class. Moreover, the
IB regime systematically appears at intermediate scales, and
is an intrinsic feature of this system. Its origin can be traced to
the necessary vanishing of the effective viscosity to crossover
from a negative microscopic value to an effective positive
value at large scales.

IV. CONCLUSION AND PERSPECTIVES

We studied the phase turbulence of the deterministic com-
plex Ginzburg-Landau equation in one spatial dimension,
focusing on the statistical behavior of the large and interme-
diate wavelength modes. In this regime, the phase dynamics
maps to the Kuramoto-Sivashinsky equation. This chaotic
dynamics results in an effective noise, and generates an ef-
fective positive viscosity at large scales. These elements,
together with the intrinsic nonlinearity of the phase dynam-
ics, yield that the critical behavior of the CGLE belongs to
the one-dimensional KPZ universality class. In our numerical
simulations, we first recovered the known results, namely, we
observe at large scales the EW scaling expected for the system
size considered, smaller than the typical size necessary for the
KPZ behavior to settle.

Focusing on the scales intermediate between the wave-
length of the instability pattern and the onset of the EW
(KPZ) behavior, we evidenced the emergence of an additional,
distinct scaling regime, characterized by the dynamical ex-
ponent z = 1. We argued that this regime corresponds to the
inviscid limit of the KPZ equation, which was recently shown
to be controlled by a genuine fixed point, termed the inviscid

FIG. 5. Scaling behavior of the correlations C(k, t ) in the KPZ regime. Left panel: Correlation decay C(k, t )/C(k, 0). Right panel: Collapse
onto the scaling function f (y = kt1/z ) with z = 3/2. The plotted window is 2π/L < k < 2k0. The dashed line shows the exact KPZ scaling
function f KPZ from Ref. [27]. The parameters are c1 = 1.9, c2 = −0.7 (k0 = 0.35), σ = 0.05, L = 4096, dx = 1.0, Nsim = 1024.
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Summary and perspectives

Unpredicted Inviscid Burgers fixed point

non-perturbative side of KPZ even in 1D

exact closure of FRG equations
based on extended symmetries

=⇒ generic scaling z = 1

relevant in many situations
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Other variations on the same theme

FRG for coupled KPZ equations

FRG for conserved KPZ equation

Weinberger, Comaron, Szymańska

Comm. Phys. 8 (2025)
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