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Ising model
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Equilibrium 2nd. order (continuous) transition




Scale invariance at T=T_




Criticality
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Oscillating populations: Pistachio production
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(C ”tlcal) dynamlcs Stochastic time-dependent

Ginzburg-Landau equation (STDGL)
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Critical dynamics

S(k.t) = (|¢(k. )[?)
1

r.—hr-::F

GOrit) = [ diee™ (k) =¥~

GL 128x128,dim:2,4t:0.1,r: 0,5,D:0835

10% 4

e o e

H.Vaquero del Pino & R. C. Phys. Rev. Res. 7,043192 (2025)

ucam

GISC



Surface analysis

Height power spectral density:
h(k,t) = F(h(zx,t) — h(t))
S(k,t) = (|h(k,t)|*)
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Surface analysis

Surface roughness:
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Kardar-Parisi-Zhang equation
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|+1 KPZ universality: experiments + equation

Driven liquid crystals: laser-induced nucleation of favorable turbulent phase
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|+1 KPZ universality: experiments + equation

T. Sasamoto & H. Spohn PRL 104, 230602 (2010)

6h )‘ P.Calabrese, P. Le Doussal, & A. Rosso EPL 90,20002 (2010)
. 2 2 G.Amir G, |. Corwin & . Quastel Comm. Pure Appl. Math. 64, 0466 (201 1)
at T VV h + 5 (vh) + 7 P. Calabrese & P. Le Doussal PRL 106,250603 (201 I)
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Universal fluctuations
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2+ | KPZ universality: equation+models

Flat initial condition Enlarging substrate
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A widely encompassing universality class

(1) As long as the rearrangements of particles on the surface can result in holes and

vacancies, there 15 no conservation law.

(2) There is a transfation symmetry, v[h(x)+ c]| = v[h(x)]. implying that v depends
only on gradients of i(x).

{3) For simplicity, we shall focus on isotropic surfaces, in which all directions in X are
equivalent [See, however, D. Wolf, Phys. Rev. Lett. 67, 1783 (1991)].

(4) There is no up—down symmetry, i.e. v[h(x)]| # —v|—h(x)]. The absence of such
symmetry allows addition of terms of both panities.

With these conditions, the lowest order terms in the equation of motion give [M.
Kardar, G. Parisi, and Y.-C. Zhang, Phys. Rev. Lett. 56, 889 (1986): E. Medina,
T. Hwa, M. Kardar, and Y.-C. Zhang, Phys. Rev. A 39, 3053 (1989)],
h(x, 1)
di
with the non-conservative noise satisfying the correlatons in Eq. (9.74),
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Lack of up-down symmetry # TW statistics:
Burgers equation with non-conserved noise

J. Krug Adv. Phys 46, 139 (1997)

The skéwrleps 1s a measure of ti 5‘,(}5 = uaqu 2 g }“‘ﬁ'aﬁ;b T ”‘bution to be |

expected beca oo tha rrasr #la Alcantinn lheantra $laa L . ! P S hlle a@ gauges

the weizttl E» d,¢p = v, 0 f,if' + v ﬁgfﬁ' + Aoy + A @i + Mussian: for a

10°;

10"t
Equation oy oy I &
1D Burgers 00 notdefined 1 notdefined
Hwa-Kardar —1/5 —=1/3 6/5 2
Generalized Hwa-Kardar —1/3 —1/3  4/3 4/3

10° 107 10" 10" ' 10
k| k!

ucom
CSISC E.Rodriguez-Fernandez & R. C.Phys. Rev. E 99,042108 (2019) 18



Lack of up-down symmetry # TW statistics:
Burgers equation with non-conserved noise
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Analogous universal traits: Non-linear MBE class
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Universality class = exponent values? T

Fracial

CONCERIS IN
SURFACE
GRrOWIH

There are a number of questions that we must answer if we wish
to classify the growth equations in terms of universality classes. For
example, what exactly is a universality class? We shall use here the
standard working definition, that two systems belong to the same
universality class if they share the same set of scaling exponents. This

E.g. |+1 dimensional nonlinear MBE equation H.K. janssen PRL 78, 1082 (1997)

a5 = 1—9
Orh = —u48§h + )\485 (8$h)2 +n z5 =3 — 20
0 ~ 0.03
Non-Gaussian PDF Qs + 1 = 25

Non-renormalization of noise
Same exponents as

Ochy, = —valk|* hy, + 1y, 2005 + 1 = z5

Linear equation
ucdm But Gaussian PDF!
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A family of non-local equations

Competition between (nonlocal) instabilities and KPZ nonlinearity

Orhx = (V|E|" — KE™ )hk + %f[(?h}z] + 1k
DiEtip &R 32 P
Many celebrated particular cases (., m):
Saffman-Taylor = Mullins-Sekerka = (1,3)
Michelson-Sivashinsky = (1,2)

Kuramoto-Sivashinsky = (2,4)
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and numerics

Non-KPZ KPZ
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Diffusion-limited growth (1+1 growth)

Highly efficient growth events — non-local instability

) Mullins-Sekerka
{__}.h_ b 5 1! c ¥
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CVD growth with fast interface kinetics (2+1 growth)

MS+KPZ AFM | pm? NON-KPZ universality class
(dimension-independent exponents):
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Departure from KPZ scaling in 2+| dimensions
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Departure from KPZ scaling in 2+| dimensions

Consistent KPZ PDF behavior in d=1 and 2 with non-KPZ exponents (d=2)
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TW with “very” non-KPZ exponents: precursor spreading

Precursor film dynamics:

Under complete wetting conditions, a layer of molecular thickness forms
that precedes the macroscopic wetting front and grows as t'/?
(cf.Tanner’s laws t'/'? or t!'7)

AFM

Polyestirene on Si
Droplet height: 80 nm
Droplet diameter: |2 um

Height precursor film: 0.7 nm
NanoScience Group
University North Carolina
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TW with “very” non-KPZ exponents: precursor spreading

Precursor film dynamics:

Under complete wetting conditions, a layer of molecular thickness forms
that precedes the macroscopic wetting front and grows as t'/?
(cf.Tanner’s laws t'/'? or t!'7)
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Precursor spreading
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Precursor spreading: kMC model
A. Lukkarinen, K. Kaski & D. B.Abraham PRE 51,2199 (1995)
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Precursor spreading: intrinsic anomalous scaling

Co(r1) = fD[hwnn — h(y. D)%)
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Precursor spreading: fluctuation statistics

— TW - GoOE

16 I S

_
1
.

]

Piy

-9

10—

e

a=089 z=33
U]loe — 0.46

ucam

(.4

0
i

= AirylF)

GISC J. M. Marcos, P. Rodriguez-Lopez, |. |. Meléndez, R. C. & |. |. Ruiz-Lorenzo PRE 105,054801(2022)



D.B.Abraham, R. C. & E. Moro PRL 88,206101 (2002)

Precursor spreading: continuum model
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Precursor spreading: continuum model

s -, ,l. Fal
dhp(t) = —vk (1) + —Fi[(3,h)*] + f(t)
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KPZ nonlinearity with non-KPZ exponents & fluctuations

+ anomalous scaling: tensionless KPZ equation

C. Cartes, E. Tirapegui, R. Pandit & M. Brachet PTRS A 380, 2021009 (2021)
C.Fontaine, F. Vercesi, M. Brachet & L. Canet PRL 131,247101 (2023)
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TKPZ universality class? Invasion percolation w/o trapping
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Critical (T=T) Ising model as a rough surface
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Anomalous scaling in critical Ising dynamics

Critical quench from T= — T_

GL 128x128,dim:2,4t:0.1,r:0.5,0:0.835

li;“ q 160
Continuous
STDGL equation
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H.Vaquero del Pino & R. C. Phys. Rev. Res. 7,043192 (2025)




S(q, t) - g2+

Quench critico desde T= (overgrowth): S(k,t)

a=-01252=219 time:[105.0,500.0] ¢=—01252z= 219, time:[40, 500]

== Exp=175

.:. -=-- exp=1.8
’ ——= exp=-0475
1';'" q- tlf?. N"‘ 1(')" q- tuz 1(;3
Continuous v =~ —(.125, z ~ 2.19 Discrete
STDGL equation Glauber dynamics
we3m s~ 0.11 as ~ 0.15
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Prahofer-Spohn PDF collapse for critical Ising dynamics

Critical quench from T=0 — T_
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Conclusions/Outlook

* Rich behavior wrt the traits of kinetic roughening universality classes

* Additional factors (e.g. noise type) may induce subclasses

* TW one and two-point statistics with non-KPZ exponents

e TV statistics under anomalous dynamic scaling ansatz

* Non-KPZ behavior (PDF, exponents, scaling ansatz) with KPZ nonlinearity
* Analogous phenomena for other nonlinearities and/or universality classes

* Analogous phenomena for equilibrium universality classes

* Deeper understanding of anomalous scaling required
* Role of symmetries

* Higher dimensions
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Thank you!
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