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Outline of the talk

• Introduction: (non-)equilibrium critical dynamics (Ising)

• Surface kinetic roughening

• KPZ equation

• What defines a universality class?

• KPZ nonlinearity vs:     Scaling exponents

Field statistics

Dynamic scaling ansatz

• Upturns from surface kinetic roughening (Ising)

• Conclusions
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Ising model

Local magnetization
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Equilibrium 2nd. order (continuous) transition

4



Scale invariance at T=Tc

5



Criticality

Tc = 2.277 Dc = 0.835
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A. E. Noble, J. Machta & A. Hastings Nature Comm. 6, 6664 (2015)

A. E. Noble et al. PNAS 115, 1825 (2018)

Oscillating populations: Pistachio production
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(Critical) dynamics

Subcritical (T=0) Critical (T=Tc)

Stochastic time-dependent

Ginzburg-Landau equation (STDGL)
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Critical dynamics

H. Vaquero del Pino & R. C. Phys. Rev. Res. 7, 043192 (2025) 9



like dynamics of 

Ising model

at T=Tc !

Surface analysis

F. Ojeda, R.C., L. Vázquez & R. Salvarezza PRL 84, 3125 (2000): CVD of silica onto Si(001)

Height power spectral density:
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Surface analysis

F. Ojeda, R.C., L. Vázquez & R. Salvarezza PRL 84, 3125 (2000): CVD of silica onto Si(001)

Surface roughness:
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SiO2 on Si

AFM top view

M. Kardar, G. Parisi & Y.-C. Zhang Phys. Rev. Lett. 56, 889 (1986)

12F. Ojeda, R.C., L. Vázquez & R. Salvarezza PRL 84, 3125 (2000): CVD of silica onto Si(001)

Kardar-Parisi-Zhang equation



1+1 KPZ universality: experiments + equation

Driven liquid crystals: laser-induced nucleation of favorable turbulent phase

2 mm

K.A. Takeuchi & M. Sano PRL 104, 230601 (2010), J. Stat. Phys. 147, 853 (2012)

K.A. Takeuchi, M. Sano, T. Sasamoto, & H. Spohn Sci. Rep. 1, 34 (2011) 13



Universal two-point correlations

T. Sasamoto & H. Spohn PRL 104, 230602 (2010)

P. Calabrese, P. Le Doussal, & A. Rosso EPL 90, 20002 (2010) 

G. Amir G, I. Corwin & J. Quastel Comm. Pure Appl. Math. 64, 0466 (2011)

P. Calabrese & P. Le Doussal PRL 106, 250603 (2011)

1+1 KPZ universality: experiments + equation

Universal one-point statistics!

same

sign as


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K.A. Takeuchi & M. Sano PRL 104, 230601 (2010), J. Stat. Phys. 147, 853 (2012)

K.A. Takeuchi, M. Sano, T. Sasamoto, & H. Spohn Sci. Rep. 1, 34 (2011)



Universal fluctuations

G. Makey et al. Nature Phys. 16, 795 (2020) 15



T. J. Oliveira, S. G. Alves & S.C. Ferreira PRE 87, 040102 (2013)T. Halpin-Healy PRL 109, 170602 (2012) T. Halpin-Healy PRE 88, 042118 (2013)

Flat initial condition Enlarging substrate

2+1 KPZ universality: equation+models
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A widely encompassing universality class

M. Kardar Statistical Physics of Fields (CUP, 2007) 17



J. Krug Adv. Phys 46, 139 (1997)

Lack of up-down symmetry ⇏ TW statistics:

Burgers equation with non-conserved noise

E. Rodríguez-Fernández & R. C. Phys. Rev. E 99, 042108 (2019)

1+1D

2+1D
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E. Rodríguez-Fernández & R. C. Phys. Rev. E 99, 042108 (2019)

Burgers

▵ HK
▿ gHK

Growth regime: t0=0, t < tsat

Saturation: t0 > tsat
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Lack of up-down symmetry ⇏ TW statistics:

Burgers equation with non-conserved noise



2+1 growth

Analogous universal traits: Non-linear MBE class

I.S.S. Carrasco & T. J. Oliveira Phys. Rev. E 94, 050801(R) (2016)

Prähofer-Spohn ansatz

1+1 growth

Open symbols:

Flat init. cond.

Closed symbols:

Enlarging substr.
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Universality class = exponent values?
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H. K. Janssen PRL 78, 1082 (1997)

Non-Gaussian PDF

Same exponents as

But Gaussian PDF!

Non-renormalization of noise

Linear equation

E.g. 1+1 dimensional nonlinear MBE equation

21H. Vaquero del Pino & R. C. Phys. Rev. Res. 7, 043192 (2025)

Universality class = exponent values



Many celebrated particular cases      (   , m):

Saffman-Taylor = Mullins-Sekerka = (1,3)

Michelson-Sivashinsky = (1,2)

Kuramoto-Sivashinsky = (2,4)

…

Competition between (nonlocal) instabilities and KPZ nonlinearity

A family of non-local equations

M. Nicoli, R. C. & M. Castro PRL 102, 256102 (2009); JSTAT P10030 (2011) 22



1/20 1 2

Non-KPZ

Super-ballistic Sub-ballistic

KPZ

SMS, MS-KPZ

Superdiffusive (KPZ)

KS

3/2

z = 
 + z = 

z = zKPZ(d)
 + z = 

zKPZ(d)



DRG and numerics



d=1

zKPZ=3/2

d=2

zKPZ=1.61

1 NON-KPZ NON-KPZ

3/2 KPZ NON-KPZ

7/4 KPZ KPZ

Examples:

M. Nicoli, R. C. & M. Castro PRL 102, 256102 (2009); JSTAT P10030 (2011) 23



Diffusion-limited growth (1+1 growth)

Mullins-Sekerka

Cusp dynamics

Disordered asymptotics

NON-KPZ universality class:

Highly efficient growth events non-local instability

R.C. & M. Castro PRL 87, 236103 (2001); M. Nicoli, M. Castro & R. C. PRE 78, 021601 (2008) 24



6 h

40 min.

symbols: exp.

lines: model

CVD growth with fast interface kinetics (2+1 growth)

M. Castro et al. New J. Phys. 14, 103039 (2012)

AFM 1 m2MS+KPZ

MS+KPZ eq.

experimentmodel
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NON-KPZ universality class

(dimension-independent exponents):



Departure from KPZ scaling in 2+1 dimensions

M. Nicoli, R. C. & M. Castro JSTAT P11001 (2013)

The =3/2 system changes universality class with dimension
S. Das Sarma, P. Punyindu & Z. Toroczkai PRE 65, 036144 (2002) for MBE SOS models



d=1

zKPZ=3/2

d=2

zKPZ=1.61

3/2 KPZ NON-KPZ

7/4 KPZ KPZ
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Departure from KPZ scaling in 2+1 dimensions

Consistent KPZ PDF behavior in d=1 and 2 with non-KPZ exponents (d=2)

M. Nicoli, R. C. & M. Castro JSTAT P11001 (2013) 27



Precursor film dynamics:

Under complete wetting conditions, a layer of molecular thickness forms

that precedes the macroscopic wetting front and grows as t1/2

(cf. Tanner’s laws t1/10 or t1/7)

AFM 

Polyestirene on Si

Droplet height: 80 nm

Droplet diameter: 12 m

Height precursor film: 0.7 nm

NanoScience Group

University North Carolina

TW with “very” non-KPZ exponents: precursor spreading

P.-G. de Gennes. F. Brochard-Wyart & D. Quéré Capillarity and Wetting Phenomena (Springer, 2004) 28



Precursor film dynamics:

Under complete wetting conditions, a layer of molecular thickness forms

that precedes the macroscopic wetting front and grows as t1/2

(cf. Tanner’s laws t1/10 or t1/7)

29NanoScience Group U. North Carolina

TW with “very” non-KPZ exponents: precursor spreading



S. Douezan, K.Guevorkian, R.Naouar, S.Dufour, D.Cuvelier & F.Brochard-Wyart PNAS 108, 7315 (2011) 30

Precursor spreading



Precursor spreading: kMC model

J. M. Marcos, P. Rodríguez-López, J. J. Meléndez, R. C. & J. J. Ruiz-Lorenzo PRE 105, 054801(2022)

A. Lukkarinen, K. Kaski & D. B. Abraham PRE 51, 2199 (1995)
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Precursor spreading: intrinsic anomalous scaling

J. M. Marcos, P. Rodríguez-López, J. J. Meléndez, R. C. & J. J. Ruiz-Lorenzo PRE 105, 054801(2022)

Non-KPZ exponents:    +z ≠ 2 
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Precursor spreading: fluctuation statistics

J. M. Marcos, P. Rodríguez-López, J. J. Meléndez, R. C. & J. J. Ruiz-Lorenzo PRE 105, 054801(2022)
33



Precursor spreading: continuum model

J. M. Marcos, P. Rodríguez-López, J. J. Meléndez, R. C. & J. J. Ruiz-Lorenzo PRE 105, 054801(2022)

Non-KPZ

D. B. Abraham, R. C. & E. Moro PRL 88, 206101 (2002)
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Precursor spreading: continuum model

J. M. Marcos, P. Rodríguez-López, J. J. Meléndez, R. C. & J. J. Ruiz-Lorenzo PRE 105, 054801(2022)
35



KPZ nonlinearity with non-KPZ exponents & fluctuations

+ anomalous scaling: tensionless KPZ equation

E. Rodriguez-Fernandez, S. N. Santalla, M. Castro & R. C. PRE 106, 024802 (2022)

(b) Steady state

(c) Growth regime

TW

36

C. Cartes, E. Tirapegui, R. Pandit & M. Brachet PTRS A 380, 2021009 (2021)

C. Fontaine, F.  Vercesi, M. Brachet & L. Canet PRL 131, 247101 (2023)



TKPZ universality class? Invasion percolation w/o trapping

J. Asikainen, S. Majaniemi, M. Dubé & T. Ala-Nissila PRE 65, 052104 (2002)

J. Asikainen, S. Majaniemi, M. Dubé, J. Heinonen & T. Ala-Nissila Eur. Phys. J. B 30, 253 (2002)
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Critical (T=Tc) Ising model as a rough surface

H. Vaquero del Pino & R. C. Phys. Rev. Res. 7, 043192 (2025)



Anomalous scaling in critical Ising dynamics

Continuous

STDGL equation

Discrete

Glauber dynamics

Critical quench fromT=∞ →Tc

H. Vaquero del Pino & R. C. Phys. Rev. Res. 7, 043192 (2025)



Continuous

STDGL equation

Discrete

Glauber dynamics

Quench crítico desde T=∞ (overgrowth): S(k,t)

H. Vaquero del Pino & R. C. Phys. Rev. Res. 7, 043192 (2025)



Prähofer-Spohn PDF collapse for critical Ising dynamics

H. Vaquero del Pino & R. C. Phys. Rev. Res. 7, 043192 (2025)

Critical quench fromT=0 →Tc

Critical quench fromT=∞ →Tc



Conclusions/Outlook

• Rich behavior wrt the traits of kinetic roughening universality classes

• Additional factors (e.g. noise type) may induce subclasses

• TW one and two-point statistics with non-KPZ exponents

• TW statistics under anomalous dynamic scaling ansatz

• Non-KPZ behavior (PDF, exponents, scaling ansatz) with KPZ nonlinearity

• Analogous phenomena for other nonlinearities and/or universality classes

• Analogous phenomena for equilibrium universality classes

• Deeper understanding of anomalous scaling required

• Role of symmetries

• Higher dimensions
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Thank you!
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